GLOBAL REGULARITY FOR THE 0-NEUMANN OPERATOR
AND BOUNDED PLURISUBHARMONIC EXHAUSTION
FUNCTIONS

PHILLIP S. HARRINGTON

ABSTRACT. For a smooth, bounded, pseudoconvex domain Q C C", we de-
rive a new sufficient condition for global regularity of the 9-Neumann operator

that generalizes McNeal’s Property (P), the approximately holomorphic vec-
tor fields of Boas and Straube, and a condition involving bounded plurisub-
harmonic exhaustion functions due to Kohn.

1. INTRODUCTION

Let Q C C™ be a smooth, bounded, pseudoconvex domain. If 0 denotes the
L?-closure of the Cauchy-Riemann operator and 0* its Hilbert space adjoint with
respect to L? (with the induced boundary condition on Dom(d*)), then we can
define a self-adjoint operator 0 = 00* + 0*0. The 0-Neumann Problem is to find
a solution u € Dom(0J) to the equation Ou = f for any f € L2 (Q). By a result

(p,a)
of Hormander [18], the solution operator N : L%p,q)(ﬂ) — L%p,q)(Q) exists on all

bounded pseudoconvex domains (even without a smoothness assumption on ).
The 0-Neumann operator is said to be globally regular when it preserves the space
of forms that are smooth up to the boundary, i.e. NV : C&iq)((l) — C&iq)(ﬂ). Our
goal in this paper is to unify three known sufficient conditions for global regularity.

The O-Neumann problem was first solved on smooth, strictly pseudoconvex do-
mains by Kohn in [19, 20] (see [5], [8], or [13] for background). Using work of Barrett
[1], Christ [9] was able to show that the -Neumann operator is not globally regular
on the worm domains of Diederich and Fornaess [11]. Several approaches have been
taken to finding sufficient conditions for global regularity.

In [22], Kohn and Nirenberg showed that the 0-Neumann operator is globally
regular if it is compact. However, finding sufficient conditions for compactness is a
significant problem its own right (see [15]). One important sufficient condition is
Catlin’s Property (P) [7], later generalized by McNeal [23] to Property (P). Both of
these conditions involve families of plurisubharmonic functions Ay; on 2 satisfying

the estimate

100Ny > iMOD |z
on the boundary of  for all M > 0, in addition to a uniformity condition (uniform
boundedness for (P), self-bounded gradient for (P); see Definition 2.3).
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A more geometric approach was introduced by Boas and Straube in [4]. They
consider (1,0) vector fields that are transverse to the boundary. A family of such
vector fields v, is called approximately holomorphic if

|dp([5,vg])| <e

at points of infinite type on the boundary of € for all € > 0 where p is a smooth
defining function for 2. In addition, the vector fields are required to satisfy uniform
upper and lower bounds on |dp(v.)| and the reality condition |argdp(ve)| < e.
Under these conditions, Boas and Straube show that the 0-Neumann operator is
globally regular.

Our method in this paper is to combine both of these approaches: we look for
plurisubharmonic functions A with self-bounded gradient and transverse (1,0)-
vector fields v, satisfying |arg dp(v.)| < e such that

Ldp([ 0], dol(@, )

100N > i—
2 dp(o) " dp(v)
on the boundary of €2 for all € > 0. Our uniformity condition on v, is relaxed to the
dp((9,ve])

requirement that is o(1/¢) on the boundary of Q2. An alternative approach

dp(ve
to unifying these twg( m)ethods was introduced by Straube in [26]. His approach is
a priort more general in that it includes compactness without assuming Property
(]5) However, our approach is able to incorporate a third condition.

In [21], Kohn considered defining functions p such that —(—p)7 is plurisubhar-
monic for some constant 0 < 7 < 1. Such functions are known to exist on any
bounded pseudoconvex domain with a C? boundary by a result of Diederich and
Fornaess [12], but the value of n may need to be very close to 0 (Range has a
simplified proof in case the boundary is C® [24]). Kohn showed that if the value
of 1 can be taken arbitrarily close to 1 for some family of functions satisfying an
appropriate uniformity condition, then the 9-Neumann operator is globally regu-
lar. A related condition was used by Herbig and McNeal in [17]. We will show that
Kohn’s condition also implies our condition.

In Section 2 we will introduce our key definitions, including our sufficient condi-
tion for global regularity. Section 3 will establish some basic estimates and Section
4 will set up the key computations for estimating Sobolev norms with these esti-
mates. Finally, Section 5 will prove our main global regularity result and Section 6
will show the connection between Kohn’s result and our sufficient condition.

2. DEFINITIONS

Let C" be endowed with the real Euclidean metric (i.e. |dz;|*> = 2). This

2
convention dictates that, for example, |9p> = 2370 ’%‘ . Let @ € C" be
J

a smooth, bounded, pseudoconvex domain, with 02 denoting the boundary of
Q. Recall that © is smooth if there exists a smooth function p satisfying Q0 =
{z : p(z) < 0} and |dp| # 0 on I (such a p is called a smooth defining function for
Q). Pseudoconvexity means that

n
92
Z a’ pﬁ ak >0
= 0z;0%y,
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on 9Of) for all (1,0)-vector fields a satisfying

n

0
Zaja—zi =0

on 99 (such vector fields are called tangential).

For the L? inner product and associated norm, we use the notation (f,g) =
Jo (f,9)dV and ||fH2 = (f, f). Similarly, for a weight function ¢, we define the
weighted inner product and norm (f,g), = fQ e ?{(f,g)dV and ||f||i = (f, e
When dealing with differential forms, we let Z, denote the set of all increasing
multi-indices of length ¢. Hence, a (0, ¢)-form f can be written

=" fsdz.

JET,

When it becomes necessary to use f; for multi-indices J that are not necessarily
increasing, we assume that f; is skew-symmetric with respect to indices. We use 0
to denote the Cauchy-Riemann operator

Z frdz; Z Z dezj Ndzs

Jez, j=1Jez,

and ¥ to denote the formal adjoint

Z frdz; Z Z f]IdZI

JeT, j=11€T, 4

The adjoint of d with respect to the L? inner product is denoted 9*, or 5‘; with
respect to the weighted inner product. In each case, Dom(9*) has an associated
boundary condition

n

Ip
afzjfjl =0

for all I € Z,_, and any defining function p for 2.
We use P L(0 a) (Q) — ker 0 to denote the orthogonal projection onto the space

of O-close forms, also known as the Bergman Projection. If this projection is taken
with respect to the weighted inner product (f, g),, we use the notation P,.

Definition 2.1. Let Q2 C C" be a smooth domain with a smooth defining function
p. Given a smooth (1,0)-vector field v satisfying dp(v) # 0 on 9, we define the
transverse holomorphicity of v (with respect to p) to be the (0,1)-form

oo _ 4r(19,0])
dp(v)
Remark 2.2. The normalization in the definition of ¥ ensures that 6 is independent

of the choice of p on 02, justifying our notation. The behavior of 8V will depend
on p off the boundary, but this effect is negligible for our computations.
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To clarify the notation used in computations, we collect some basic expressions
in coordinates

oy N O
dp(’l}) - Up - azj
j=
. vz "L 9p 31}
0" = ; 074z le 0z, az

Definition 2.3. Given a smooth plurisubharmonic function A on Q, we define a
pointwise norm for (0, 1)-forms 6 by

|0],09, = inf {e € R: 200N > O N O} .
We say that A has a self-bounded gradient if ‘g)\haé)\ <1 on Q.

Remark 2.4. The definition of self-bounded gradient comes from [23]. As in Mec-
Neal’s paper, we note that a plurisubharmonic function satisfying the uniform
bound 0 < A\g < 1 can be turned into a function with a self-bounded gradient via
the transformation A = e*°. Such a transformation will also preserve the properties
of the complex hessian used in the following definition, and hence the following
definition can be strengthened by replacing the self-bounded gradient requirement
with a uniform bound. This will yield results closer to those in Catlin [7]. However,
such a definition is apparently too strong for the application in Section 6.

Definition 2.5. Let 2 € C" be a smooth, bounded, pseudoconvex domain. We
say €2 has a family of transverse vector fields satisfying Property (]5) if for every
e > 0 there exists a smooth (1,0)-vector field v, satisfying |argdp(ve)| < ¢ and
|6v=| < % on 0f) for some family of constants A, satisfying A, — 0 and a smooth

plurisubharmonic function A. with self-bounded gradient such that |6%<|;55,. < €
on 0f).

In practice, the following form of Definition 2.5 will be more helpful.

Lemma 2.6. Let Q@ C C" be a smooth, bounded, pseudoconver domain with a
smooth defining function p and a family of transverse vector fields satisfying Def-
inition 2.5. Then for every 0 < v < 1 and € > 0 there exists a neighborhood U.
of 99, a smooth (1,0) wvector field v. satisfying |argdp(v.)| < e and |6”| < B= on
U. for some family of constants B, satisfying B — 0 and a smooth plurzsubhar—
monic function \. with self-bounded gradient such that [0|;55,, < € on U. and

100N > 12500 121> on Q for d = sup,cq |2|.

Proof. Set ¢y = %E\/l — and let vy be a smooth (1,0) vector field satisfying
larg dp(vo)| < o and 97| < i—;‘) on 99 and a smooth plurisubharmonic function

Ao with self-bounded gradient such that [07°[;55,, < €0 on JQ. Let

A = (1= o+ 2L
c=1=7)X+ T2

We immediately have
100N, > 2—88\z|

on  and 1 1
100N > i(1 — 7);29”0 A > z'?évo A
0
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on 0. If we set v, = \/117771)0 (note 6= = #") and B, = jf%ﬂ/, we have [0<];55,. <

g, |07 < = and |arg(dp(v.))| < € on 0. Since these are open conditions, there
exists a neighborhood U of 92 on which they still hold. It remains to see that
[0Xc|?)5, < 1. We compute

i0ON. — 10X A DNe = i(1 — )Xo + i%@é ER
. Y — Y =
i ((1 — )N+ 250 |z|2) A ((1 =)0 + =0 \z|2)
> i(1— )90 A DNo + i%a 12> A 8|2
. Y — v =
— ((1 — )N + 250 |z|2) A ((1 — )N + 250 \z|2)
_ 1— _ _
=iv(1 — )0 o A ONg — ﬂ(TW) (8/\0 A2 +0|z]> A aAO)
= 5
+Z%8|z|2 Nz
Since the final line is positive, we have [0A.|;555. < 1 and the proof is complete. [

Definition 2.5 generalizes several known conditions for global regularity. In [23],
McNeal defined Property (P) (a generalization of Catlin’s Property (P) [7]) and
showed that it implies compactness for the d-Neumann operator. This, in turn,
implies global regularity by a classic result of Kohn and Nirenberg [22]. In the
notation of this paper, Property (P) is equivalent to the statement that for every ¢ >
0 there exists a smooth plurisubharmonic function A\. with self-bounded gradient
such that [0],55,_ < €0] on 9Q for any (0, 1)-form 6. Hence, any fixed transverse
vector field v will satisfy Definition 2.5.

Another approach to global regularity was pioneered by Boas and Straube in [4]
using approximately holomorphic vector fields. In the most general definition (see
[5] and the references therein), a domain 2 possesses a family of approximately
holomorphic transverse vector fields if there exists a constant C' > 1 such that for
every € > 0 there is a vector field v, satisfying & < |dp(ve)| < C, |argdp(v.)| < e,
and dp([0,v.]) < € on the set of points of infinite type in 9 (for further discussion
of finite and infinite type, see [10]).

Proposition 2.7. Let Q@ C C™ be a smooth, bounded, pseudoconvex domain that
possesses a family of approximately holomorphic transverse vector fields. Then )
has a family of transverse vector fields satisfying Definition 2.5.

Proof. Fix a smooth defining function p and let K C 0 be the set of points of
infinite type. By a result of D’Angelo [10], K is compact. Let C > 1 be a constant
such that for every § > 0, there exists a vector field vs in a neighborhood of K such
that & < |dp(vs)| < C, |argdp(vs)| < &, and |dp([0,vs])| < 6 on K. Since 99 |z|?
is twice the Kahler form for the Euclidean metric, this is equivalent to writing
|6 |z28<§|z|2 < 3C?52. To bound our weight function, we let d = supg, |z| and define

=5 (F +1), sothat § <6 < 2. Then |9%[}5, < 3d2C%6%,
Since these inequalities are all strict (and ¢ is strictly plurisubharmonic), they

also hold in an open neighborhood Us of K. Let U be an open neighborhood of K
such that Ug C Us and choose x5 € C§°(Us) such that xs = 1 on Uj. For a given
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€ >0, we set = min { \/52;60’5} and define
" 9p 0O

5 -2
v = XsUs + (1 — x5)2|0p — .
| | 1 82:]- 325]'

j=

Then on all of 99, we have & < |dp(v)| < C and |arg dp(v.)| < &, while on U} we
have [0%<|;55, < €.

Now any p € 9Q/K is a finite type point, so by a result of Catlin [6] there exists
an open ball B(p,r,) such that for any M > 0 there is a smooth plurisubharmonic
function ¢, 1 on B(p, r,)NQ satisfying 0 < ¢, a7 < 1on B(p,7,)NQ and i00p, ar >
iM8d |z|” on B(p,r,) NN Let x, € C5°(B(p,rp)) such that x, = 1 on B(p,r,/2)
and set Ay ar = 3 (@p,ar + 2Xp). Note that we have 0 < A, a < 1 and i00X, 0 >
i(3M — ky) 00 |2|* on A9 for some constant k, > 0.

Since 02/Uj§ is compact, we can choose a finite set P C 0Q/Uj such that
{B(p,rp/2)}p covers 9Q/U}. Note that on dB(p,rp), where x, = 0, Ay is < 3,
while on B(p,7p/2), where x, =1, Apar > 2. Hence, we can define

Mar(z) = SUP{peP:zeB(p,rp)} Ap, v (2) z ¢ Ug
m(z) =
Max  SUP (pep.zeB(p,r,)} Ap.M (2); ¢(z)} z € Uj

and obtain a continuous function satisfying 0 < Aj; < 1 and on a neighborhood
of each boundary point either i00Ay > i (M — k) 90 |2|* in the sense of currents
for some constant k > 0 or [0"<|;555,, < € in the sense of currents. Since k and v,
do not depend on M, we can choose M sufficiently large so that [0"<|;55,,, < € in
the sense of currents on a neighborhood of 2. On this neighborhood we can use a
standard regularization argument involving convolution with a smooth compactly
supported function to obtain a smooth function Aps. As noted in [23], a bounded
function can always be replaced by a function with self-bounded gradient without
affecting the good lower bound on the complex hessian by setting A\, = e*. By
the proof of Lemma 3 in [25], A can be extended into the interior of € without
sacrificing the self-bounded gradient. O

3. THE BASIC ESTIMATE

We begin with the following basic estimate (see [5] for the history and references
for this particular estimate).

Proposition 3.1. Let Q) C_(C” be a smooth, bounded, pseudoconvexr domain with
weight functions p,a € C*(Q), a > 0. Let u € Dom(d%) N C'(lo q)(Q). We have

(3.1) |[Vadul’. + |Vadzul® > |[VaVal? +2Re (Ja A T3u,u)

Y & 0%a B )
’ Z Z ((aazjazk a 3Zj(9zk) udeZIv'“fk[dZ[)

1€y 1 j,k=1

%)
We will also need some relationships between estimates for the basic operators.

Lemma 3.2. Let Q0 C C" be a smooth, bounded, pseudoconvexr domain, let p, v €

C>=(€), let 0 < r <1 be a constant, and let M, : L(Qo,q)(Q) — L%O7q)(Q) be defined
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Z fidz; | = Z Z Ajkfj]dzk A dzZp

JET, Gk=1T€T,

for some 1 < q < n where Aji; is a continuous family of positive definite hermitian
matrices such that for every f € L%O o (&) Nker 9 N Dom(07) we have

(32) % Z Z f]IdZI S (qua f)<,0+w S ||5;f||@+¢ .

I€Z, 1
€41 J= ot

We then have for all u € L(0 — 1)(Q) N (ker 9)*

1 ——
(33) lally—p < 7 (M O, )

and for all u € L%o,qq)(ﬂ)

1

Remark 3.3. This result is similar to Theorem 2.3 in [2], but w is in a different
domain and we will need the precise computation of the constant C,..

Proof. Note that M, is a continuous, self-adjoint, positive definite linear operator,
so M, is invertible and a positive-definite square root of M, exists. For any f,g €

L?O q)(Q), we have

ol = (M2 1,02 0) ] </ (MG £ Dm0 (My9, )

If g € kerd N Dom(@ ), (3.2) implies

|(£,9)el < A/ (MG, o 10591y -

As in Hormander [18] we now assume that f € ker @ and decompose g € Dom(8};)
as g = go + g1 where g € kerd and g; € (ker 8)J- Since 8*9 = 5:‘;90 and (f,9), =
(f,90)p, we have the same estimate as above. This implies that 939 — (f,9),
is a bounded linear functional on Range(a*) in the norm |[-[| ., so there exists
ug € L(o -1 () ﬁRange(a*) such that (f,g), = (uo, 8¢g)¢+¢ for all g € Dom(a*)
and

luollyry < /(Mg f, Pl
Since (u075;g)@+¢ = (0(e %up), 9)y, we have d(e~Yug) = f. Since ug € Range(é&;)
and Range(93) = (kerd);, e ¥ug € (kerd)*, so let u = e “ug. This implies
f=0(e?"%u) = e¥~¥(0u + 9(p — ) A u). Substituting, we obtain

uly—y < /Oy (Bu+ B =) A ), (u+ Do — ) A )y
Note that

Mﬁlé _ A 7(5) _ A = |(5(50_1/1)/\u3f)w|
\/( g "0 — ) Au,0( — ) Au)y—y eL%Oil)lgw;eo AR
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Applying Cauchy-Schwarz to the numerator followed by (3.2), we have

(85) \/(My 0o — ) Aw,dlp — ) M)y

Oo=) ¢ 1=
Hunwﬂp HZIEqul Z;‘lil s Hw-mz;
C < vl

FEL?, (.40 (M f, f)o+v

The triangle inequality with respect to the norm /(Mg *, Jp—e yields

VM @+ 8 — ) A, (Fu+ Do — ) Au))yy <
VO 50, 8u)y + ) (M 80 — ) A, Dlp — ) Ay <

VO 0w, Gu) gy 47 ul

Since we now have

lully—y < /(Mg 0w, )y + 7l

we can subtract the final term on the right-hand side from the left-hand side and
divide by the resulting coeflicient to obtain (3.3).

As in [3], we observe that the unweighted Bergman Projection P can be written
in terms of the weighted Bergman Projection P,_y, for the inner product (-,-),—y
as follows

Pu=P(e¥ P, _,(e? Vu)).
By Kohn’s formula P = I — 0* N0, we have
Pu=e""PP, 4(e¥ Y u) — O*N ("2t — ¢) A Pp_y (e~ Vu)).
Estimating the first term gives us

|’ew—<ppw7w(eso Yu ew Yu

< [le* ™ ull,_

qu e H Hw WP H“”ww

Substituting the second term into (3.3) gives us

I*N (e 20(1h — ) A Pp_y(e? ™ Yu H

003 — ) A Y Ty

so by (3.5)

I*N (€201 — ) A Pp_y(e? Yu

Combining these, we have
1Pully_y < [|e"™#Ppy (e~ u)],,_,,
+ [|0*N(e¥"20(1h — ) A Pyp_y (e~ 0))

r

If we simplify, (3.4) follows. O

P
Hw 90 =1_r ”un N

Hw—sa

From this, we will derive our basic estimate.
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Proposition 3.4. Let 0 C C™ be a smooth, bounded, pseudoconver domain with
a smooth defining function p and a family of transverse vector fields satisfying the
conditions of Lemma 2.6. Then for any e >0 and 0 <t < % there exists a (0,1)-
form 0 such that 0. = 0% near 9, a constant Cy > 0, and a norm ||-||, . defined

by (3.10) equivalent to the L?-norm satisfying
10 Aully o < Ctllullyy, and [|Oul], . < Ci[|Dull,, -

forue L%O o~ )N Dom(9), 1 < q < n. Furthermore

(1) For anyu € L(QO g—1)(82) N (ker )%, 1 < q<n, we have

(3.6) ully, < Héth’E.

(2) Forwu e Lfqu_l)(Q), 1 < g <n we have
(3.7) [1Pully, < Cillullyy, -

(3) For all w € Dom(d*) N Dom(d) N L%()’q)(Q), 1< g <mn, we have
(3:8) > D Oupdar|| < eCi(||9%ull,y, + 3ul,y,):

I€T, 1 j=1 tr,
and

(3.9) lulls, < Ce([|97ull,, +[19u],,)-

Proof. Fix a smooth defining function p and let € > 0 be given. Let U, A\., v and
v be as in Lemma 2.6, and let x. € C§°(U.) such that x. =1 in a neighborhood of
0Q. Let 0. = x.0" on U. and 0. = 0 otherwise, so that |0.|;95,, < € on all of €.

Let a = e~ 52 and ¢ = L), On U., we compute

2
1ad0p — i00a = ia <88)\5 - (IQH) oA A\ 8)\E> .

Define M, on L%O,q)(Q) by

1—t n 2\, 14+¢\ O\ O\
M - —_—— _ A | ) i
qf 2 Z 1 (8zjazk < 2 > 6ZJ azk) f]]de A dZ]

I€T, 1 j

Note that the change from (%)2 to 1+ in the previous two equations is not a
mistake; the difference between these is responsible for the coefficient % in the

following equation. For f € Dom(d};) ﬂC’(lO o), 1 < ¢ < n, we can substitute into
(3.1) to obtain

|0/]

v oy = (1]

v~ (L+DRe (DA A DL, N

2
2 1—t2 SNC)
+ 1 _t(quv f)/\5 + 74 Z Zaizjfj[dz‘r .
1€, 1 =1 A

€
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If we observe that

\Re(éAEAE);f,f)AJ <lapfll, | > Za- firdzr
I1€Zy1 j=1 A
2
1 oawpep2 1t
Serl 2 Nl DY > G s
€Zg—1 =1 2

€

we can substitute and obtain
2
Haf| )\a ]._t(qu,f)AE
By the usual density result (see for example Lemma 4.3.2 in [8]), we obtain that

for all f € Dom(éfp) N Dom(d) N L%O q)(Q) 1 < g <n, we have

\0* T Maf, P
For f € ker 0, this simplifies to | ijﬂ)\ > /(Myf, f)a.. To apply Lemma 3.2, we
set ¢ = %)\5 and compute 9(p — 1)) = —td\.. Hence

1—t AN
Myf Pz == | 320 D 52

1€, 1 j=1

6*

|

Ae

:1277 Z Z ijdZI ;

I€eZ, 1 j=1 ot
so when 0 < t < % we can take r = % and apply Lemma 3.2 to obtain
1—t 1z =
|| ||t)\ — 1 3t (Mq 16u7au)t>\

for u € L(0 g—1)(82) N (ker 0)* and

1-—
1Pulln, < T ullo,

for u € L(0 4—1)(§2). This immediately gives us (3.7), and we define
1-1¢

1 = —

(M;lgu, 5“)1&)\

so that (3.6) follows. Since

IR DS A
I€Z,_1 j=1

=

we can use a duality argument (as in the proof of Lemma 3.2) to show that
1-3t €
1—-t

_ 2
16 Al = /(6 A0 A, < 1o [l

Similarly,

(Mo, 1) 2 VI T
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(since 0 |z|” is twice the identity for the Euclidean metric) implies

— Vo
(Mg 0u, Ou)ex, < m H(‘?UHME :

Next, we let a = e~

—i00a = ite "IN, — it2e TP ON. A DA,
Lt —9)
tAe
> e =

cand ¢ =0. Fix 1 > s > t. On U, we compute

0. AO. +it(s —t)e N A O

For v € Dom(9*) N C} © q)( ), 1 < g <n, we can substitute into (3.1) to obtain

|0y, + |07l > [[Vul;, —2tRe (9A A 0*u,u)

tAe
2 2
t1—s) . 0.);u;rdz t(s—t dz
t e > Z(a)y“ﬂ Zl| +ts—t)| Y Z UJI Zr
I€T, ; j=1 - I€T, ;1 j=1 -
If we observe that
‘QRe (5)\5/\5*11,71)”\ 5*thA Z Z uﬂdzl
€ IEIq 17=1 tAe
2
< ” | +(s—1) Z Z uJIdzI
S — I€Zy_y j=1 AL
we can substitute and obtain
2
— 12 S S 2 — 2 t(l — S) LN _
Joul?, + =l = 9l + 52| S @
I€Zy—1 j=1 A,

Using density again, we obtain that for all u € Dom(éj;) N Dom(d) N (0 o),
1 < g <n, we have
2

_ . t(1— - _
L o i) DD SCATTEN

I€Zq-15=1 A

and (3.8) follows.

Since A is strictly plurisubharmonic with self-bounded gradient and uniform
lower bound on the complex hessian, we can also use (3.1) with a = e~**¢ and
© = 0 to obtain (3.9). O

4. ESTIMATING SOBOLEV NORMS

Fix a smooth defining function p and a constant 0 < ¢ < % In what follows, we
adopt the convention that C' > 0 is a constant depending entirely on ¢, derivatives of
p, and the diameter of {2, whose value can change from line to line. We will follow a
similar convention with C. > 0, except that C. will also depend on . Conventions
for Cy and C} . will be similar. Before proceeding with the main proof, we collect
several crucial estimates that we will need.
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Lemma 4.1. Let Q C C™ be a smooth, bounded, pseudoconver domain with smooth
defining function p, and let u € CF q)( )N Dom(9%), 1 < g <n. We have

(1) For any k € N,

(4.1) Z

2
| <o (loull, + 10l + i)
-1

2) For any k € N and smooth (1,0) vector field Y satisfying Y p =0 on 09

(4.2 0*u

IVullp_y < G ([0ulls_, + 8% ulls_, + lull—y lulle)

(

)

(3) If u is compactly supported in Q and k € N
2 A 112 2 2

) lully < i (19ullz_, + 0 ullz_, + lulli_y ) -

The first two inequalities are due to Boas and Straube [4], and the third is
Garding’s inequality (which follows from the fact that the system 0 @ 0" is elliptic
in the interior). When ¢ = 0, it is trivial that for any v € C*°(Q2), and k € N

(4.4) Z

Using (4.4) in place of (4.1), one can also show that for any u € C°°(Q):
(1) For any k € N and smooth (1,0) vector field Y satisfying Y p = 0 on 02

(4.3 0*u

2 5 112
L .

5 2
(45) IYullp_y < Ci (|[ully_, + lully lul,) -
(2) If w is compactly supported in 2 and k € N
2 a 112 2
(4.6) el < G (J|ully_, + lull;_y) -

Let ve, 0. and A, be as in Proposition 3.4. Choose x. € C§°(supp(f)) such that
Xe = 1 on a neighborhood of 99 contained in {z : 6.(z) = 6%=(2)} (one can use the
same . from the proof of Proposition 3.4). We can estimate the Sobolev norm on
W(ko,q)(Q) using (4.1) and (4.2):

(4.7
2 ou . dp veu ’
ullz < C a9 €9z:
[ully < Ck jz; 0z 2:: 82:] X 0zj vep ||}y
+C ; <X€apj (vep)™ 1U€> u

< Ce ([10ully_, + 1% ully_, + ulli—y + lull_y ull + [ Oceve) ul|”) -

Hence, to estimate ||u\|i7 it will suffice to estimate ||(nge)ku|‘2 for some value of
e. If w is a function, we use (4.4) and (4.5) to obtain the similar

(48) Jul2 < Cop (0ullf_, + IullE_ + Nl ol + [ Oceve) )
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For any integer k£ > 1, we define pointwise norms

k 5
uly =2 > prk
J=0r1¢e{1,...,.2n}7
and
? =
’ “’k Z Z 3x1 azZ
I1e{1,...,2n}* £=1
Since [|-[|, ||[l;», and [|-[|; . are all comparable, we can use these interchangeably,

as long as we note that the comparison constant will always depend on .
Observe that [0, (xcve)*] = k[0, xeve](xeve)® 1 + - - - where the remaining terms
are derivatives of order at most k — 1. Note that

[57 sts] = ({§Xs A Ve + Xe [éa vs]
= (Oxe +0.) ANve + X:[0, 0] — 0 Av..

By definition dp(x.[0,v:] — 0 A ve) = 0 on 99 so xe [0,ve] — 0. A v.is made up of
tangential (1,0)-derivatives. Since dy. is compactly supported, we can apply (4.2)
and (4.3) to obtain

(1.9) 18, (ceve) el . < [0 A velxee) ]
+ Co (10ull,_, + 187l + el + Il Nl

As characterized by the statement of Proposition 3.4, the norm [[0: A -||, _ satisfies
special estimates, so we have

110, (xeve)Jul|, . < ekC [|(xeve) ul,,.
o Cear ([10ull_, + 10"l + Tl + oIl Nul) -
Hence, assuming all norms are finite, we can use (3.6) to show
[(xeva) ully < 1T = PYOceve)*ull,y + | POceve) ull,
< [190cve) ull, . + 1P Ove) ul,,

< [|Oceve)"dull, . + ehC [|(xeve) ull,y, + [[POGe)"ul],,

e (L
We summarize with the following Lemma:

Lemma 4.2. Let u € Cé’qu)(ﬁ) NDom(9*), 1 <q<n-—1. Ife < 1, we then have

s+ Mulley + 4/l Trll) -

vy |5, < € ([ (xeve)*Bul,, + [|POcvo)*ull,y)
+ Coe (100l + 19l + Ty + /Tl Tl
Ifue C®(Q) N (kerd)* and ¢ < %,
||(ste)ku||t)\£ <C (H(sts)kgunw\e + ||P(sts)ku“t)\5)

o Cee ([0ull—y + Mty + 3/ Iull—y el ) -
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Remark 4.3. For the purposes of this paper, ¢ < % means that there exists a

sufficiently small constant C' > 0 independent of € and k such that the appropriate
results holds for all € < %

So far we have only addressed commutators of v, andig, but we will also need
to commute with 9*. Let ¥ denote the formal adjoint of 0. Borrowing a technique
from [16] (see also [17]), we define for any (1,0) vector field L = 377, LI 2 the

operator
n

Dpu=—Y_(Ldz; Adu+ (L dz; Au))
j=1
on (0, g)-forms when ¢ > 1 and

n

Dpu=—Y_(9(L7dz; Au))

Jj=1

on functions. We immediately have [Dp,,¥]u = 0 when ¢ > 1. We can compute

Dpu=> %(LJ‘U) -3y <£Lj) uprdz; A dzy

j=1 9% 1€T j k=1 k
= Lu+ §n iLJ‘ u— f iLJ‘ uprdz; A dzp
; 0z; , 0z, !
Jj=1 I1€7 j,k=1

when ¢ > 1 and

when ¢ = 0. Hence the principal part of Dy, is L, and
[(DL)* = L¥)u| < C'lul,_, -
The other difficulty with v, is that it is non-tangential. This can be corrected
by defining
do(®
o = 9P0e)
dp(ve)

so that v, — ! is tangential on . Observe that

o (Zﬁﬁzi)k\ [(xeve)

|((X5Ua)k - (ngg)k)u| <

and

(175) i —2ik
1 dp -1 ik arg(dp(ve)) <9 A
’ - ( (Us)) = ‘ —e ‘ klarg(dp(ve))],

SO
’((ste)k - (stg)k)u| < 2ke |(X€U€)ku| .

Hence, if ¢ < %, we can estimate

(4.10) |(sts)ku‘ <C |(stg)ku| )
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We wish to modify this to preberve Dom(9*). We know that for smooth w,
u € Dom(9*) if and only if E; 1 az ujr = 0 on 0N for all I € Z,_;. Observe that
if u € Dom(0*), then for any I € Z,_1 on 9§ we have

znjal DLU

For (0,1)-vector fields L = Y-, Eja%j and (0, q)-forms u we define

Dju= Lu— Z Z 82@ (8,2[/) UjT ((LP)_lLkdik) AN dzZp

I€Ty_1 j,k, (=1

- > Z? ( L’fdzk>AdzI

I€T, 1 j k=1

when ¢ > 0 and Dyu = Lu when ¢ = 0. When ¢ > 0, u € Dom(9*) and I € Z, 4
then on 0f) we have

" /(0D 0 -
1 2k 2k

Now we may define T, = x.(v! — 9.) and Dy = D,s — Dy (to keep the notation
uncluttered, we will write D,;s = D_ ; and Dy = D,_5_) and note that since T is
XE’UE eve

tangential, we have

- ap 0 B
Z 02 DT’LL Z <T5 (8Zkuk[> - <8szsp) uk1> =0.
J k=1

Hence Dt preserves Dom(9%). -
Since [D,:, 9] = 0, we have [Dr, 0*] = —[Dy, 9] and

[, Dylu = e[V, U]u + xe Z Z 0:) ngfauﬂdzl—k
1€T, 1 jk=1 va 0z

SO

[D7,0%|u = X[V, 0]u + e Z Z 9 vuﬂdzl—i—
I1€Zy_ 1 j=1
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where the suppressed terms are all of order zero. Since [¢, ¥¢] is a (0, 1)-derivative,
we can estimate

(4.11)

|[(Dr)*, 0% u| < Cop(|Vul,_, +luly) +F D |xe D (0=), (Dr)* ol

1€Zy 1 7=1

CE,k(|?u|k—1 + |u|k_1) +k Z Z (ga)j (DT)kujI .
I1€Z, 1 (j=1

Finally, we note that
(4.12) [((Dr)* — (D,

) )ul < Cop(|Val,_y + ul,_y).
Assume u € Cf )(Q) N Dom(9*), 1 < ¢ < n. We will needed to estimate

tAe

In order to apply Proposition 3.4, we need to consider the Bergman Projection of
(Dr)*u and its orthogonal complement separately. For the first, we note that the
Bergman Projection also preserves Dom(0*) and apply (3.8) to obtain

> D (02);,(P(Dr)fu)udzr | <eC 0" (Dr)*ul,,
/ the
Applying (4.11) and (4.1) gives us

n

Z Z(é) (P(Dr)Fu)jrdz, < keC Z Z (6:); u)jrdzr

T€T, 1 j=1 N T€T, 1 j=1 A
+eC |[(Dr) 0" ul|,,_+ Ce((|0ul],_, + [|07ull,_, + lull_y)-
For the complement, we first use (4.12), (4.10) and (4.1) to obtain

Z Z I P DT) )j[d?[ <

1€, 1 j=1 A,

Cll S5 (02,1 — P (xevo)*u)jrdzr

I1€Zy_ 1 j=1

[ix.

A
+ Cka(ngkal + ||5*u||k—1 + llully—y)-

Substituting into (3.8) yields

Z Z I P DT) )j[d?] SECH@(XEUE)kth)\E

1€, 1 =1 A,

 Ce|ullyy +07ull_y + lull-)-
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Applying (4.9) with the ||-||, . norm replaced by the ||-||;,_ norm, we have

Z Z I P (DT) )j[d?] <

1€, 1 =1 A,

keo(ueeA(xevg)kuum + ([ (xeve) 0, )

e+ lull—y 4 3/l llull—y)-

Combining the estimates for the Bergman Projection and its complement gives us

4 Cenl(Bul],_ + [

n

> YD) wdz| <
the

n

keC Z Z(a‘)((DT) w);jrdzr|  +eC||(Dr)*o*ull,,

tAe

+ keC (|16 A (ceve) ully + [[(xeve)0ull,,)

+ Ce,k(ngHkq + Hé*“Hk,l + [Jully_y + \/ g Nlellg—p)-

(Q)NDom(0*), 1 < g<n. Ife < 1, we have

‘We can conclude

Lemma 4.4. Let u € C(o 9

> > 02);(Dr)fu)jpdz | <

1€Zq-1 =1 tAe

C (e H(DT)ké*u + kB, H(ngg)kth)\E + ke H(XEUE)kéun\E)
oon  llelley + Sl lull,_y)-

5. GLOBAL REGULARITY

[ix.

4 Cenl(Bul],_ + [

We are now ready to prove our main estimate. We note that many methods for
proving global regularity involve integration by parts with 0 and 9* so that only one
of the commutators [0, v.] or [0, v.] needs to be estimated (e.g., [4] or [17]). Since
our inner products involve a weight with no uniform bounds, integration by parts
would introduce uncontrollable error terms. McNeal has introduced an argument
for dealing with such weights in [23], which uses the complex hessian of the weight
to control the error terms involving the gradient of the weight. This is closely
related to the methods used in Section 3 of the present paper. However, McNeal’s
method leads to a compactness estimate for 9* N in an unweighted L2-space, which
is equivalent to the same estimate for NO. We are unable to prove anything that
strong, so we will first prove estimates that apply to NO in weighted spaces and
use these to obtain estimates for 0* N in weighted spaces. This approach seems to
require that we estimate both [0, v.] and [0*, v.].
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Theorem 5.1. Let Q C C" be a smooth bounded pseudoconvexr domain that pos-
sesses a family of transverse vector fields satisfying Definition 2.5. Then for every
k > 0, the O-Neumann operator satisfies the Sobolev space estimate

INFlle < Cell £l

forall f € W(’f),q)(ﬂ)7 1<g<n.

Proof. Fix a smooth defining function p for € that has strictly pseudoconvex level
sets near 9. Let Qs = {z € Q: p(z) < —d}. Since 5 is a bounded smooth strictly
pseudoconvex domain, Ns : W (€s) — W (€s) for all s > 0and 1 < g <n
by the classic result of Kohn [19, 20]. As shown in [3], this is equivalent to exact
regularity for the Bergman Projection Ps. Since the derivatives of p are uniformly
bounded on 2, all constants C' which depend on derivatives of p (e.g., those in
Lemma 4.1) can be chosen to be uniform on Q;. For every € > 0, the conclusions
of Lemma 2.6 will hold uniformly on Qs whenever 9€)s C U, which will hold for
all sufficiently small §. Hence, any constants C.; which depend on the vector field
ve and weight function A. can also be chosen to be independent of 6. Let v., Ac, 6.
and x. be as in Proposition 3.4.

Let u € C&iq)(ﬁ5) N Dom(d;), 1 < ¢ < n — 1. Using Lemma 4.2 to estimate

(Xeve)*u, we must consider Ps(x.v.)*u. Using (4.10), we have
(| Ps(xeve)*ull,, < Cl|Ps(Dye)*ull,, + Cep llully_; -
Using (4.12) and (4.1) we have
[|Ps (xeve)Full,, < C||Ps(Dr)*ull,,
+ Ce[|0ul[_y +[105ull,_y + llull—y)-

Since Dy and Ps preserve Dom(9}), we have Ps(Dr)*u € Dom(0}), so we can
substitute into (3.9)

1Bs(xeve) ull,y, < C 105 (Dr) "],y
+ Cel[|Oull,_y + 195 ully_y + luli-r).

Applying (4.11) and (4.1) yields

[Ps(xeve) ull,y <kC| DD (62);((Dr)*u)judzr

I€T, 1 j=1

+ Cen([|0uf],_ +|

tAe

5;;“’ ‘k,1 + H’u’”k;fl)v

and substituting into Lemma 4.4 we have

(5.1) HP(;(stg)kth)\E <
KC (= [[(Dr)*0"ul, + kB [|Oxeve) ull, + ke || (xeve) aul,, )

+ Ce(|0ul],_, + |07 ull,_y + lull_y + /el full,_y)-
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Returning to Lemma 4.2, we obtain
Ol < OO+ R8) (o) B,
+kC (= [[(Dr) 0 ul|,, + kB || (xv-) 4, )

+ o (0], +]197

o+ Tl + 3/l Tl )
For B, < #, we have
(5.2)

el < (14 R2) [ Oxere) B, + ke (D)0, )

o+ Coe (10l + 107wl + el + el Tl ) -

When ¢ = n, Ps(xeve)*u = (xeve)*u, so (5.2) follows immediately from (5.1)
without invoking Lemma 4.2. Combining this with (4.7) we conclude that for

u € Cfy ,(€s) N Dom(d;) we have

lull < Ce (I9ull, + 195l + ulles + Nl ule)

At this point, v, and A are no longer part of the estimate, so we may fix ¢ > 0

dependent on k and write C} in place of C. . Since \/||ull,_q |lull, < €|lull, +

+ ||ull;_, for any € > 0, we can conclude
lelly < C ([[ull, +|

Induction on k gives us

(5.3) lulli, < G ([|0ul],, + (195 ull) -

For the ¢ = 0 case, let u € C*®(Qs) N (ker d)*~. We again consider Pj(x:v:)*u.
By (4.10), we have

Hpé(Xava)kth)\E <C HP(;(DUu)kth)\E +Cee ”qu—l :
Using (4.12) and (4.4) we have
||P5(X€U€)k“||t/\5 <C ||P5(DT)kth/\E + Cer([lull—y + ||5qu—1)'

Oxu

{k + ||qu71) :

Since u € (ker 0)*, we can use Kohn’s Formula to show v = u — Psu = 5§N55u.
Note that (D7)* preserves the domain of 5, so since Ps vanishes on the range of
0%, we have Ps(Dr)*u = P5[(Dr)*, 03] NsOu. Using (4.11) and (4.1), we have

[|Ps(x=ve) ul,\. < kC'||Ps > (62);((Dr)*Nodu)rdz
I1€Zy 1 j=1 A
+ Cep(llully_y + [|NsOul[,_, + [[0ul],_,)-
We know that Pjs is bounded in the weighted norm by (3.7), so we can apply Lemma
4.4 to obtain

125 Oceve) ull,, < RO (Do) ull,y, + kBe || (xeve)*Nodul,, )

+ Celllully—y + [[NsOul[,_, + [|Oul],_, + \/HNéé“Hk [NsOull,_,).
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Since Nsdu is a (0,1)-form, we may apply (5.2) to Nsou, yielding

[Ps(xeve) ull,y < keC(1+ K2 Be) [|(Dr)*ul,,

+ Ceulllully—y + [|Nsdull_, + |9ull_, + /|| Nsdull [|Nsu]]_,)-
Now we invoke Lemma 4.2 to obtain
[Oceve) ull,, < C [l (xeve) ], + keC 1+ B Be) || (D) ul],,
+ Ceplllelly—y + [[NsOul|,_, + [[0ull,_,
 lull Nl + /][ N6l | Nsdu],_,).

Using (4.12), (4.10), (4.4), and continuing to assume that ¢ < ¢ and B. < 5, we
have

10ceve) ullyy, < Ol Ocve)"Oull,y, + Cen

=+ \/Hu“k llwlly—y + \/||N55“||k ||N55“||k71)'

[ullyy + [ Nodul|,_y + [|0u]],_,

We use (4.8) to obtain
[Jull,, < Ck(Héqu + [ull,—y + HN55“H1€_1

 lull Nl + /I Noull || Ns0ul],_,),

where we have once again fixed € > 0 based on k and dropped the dependence on
¢ from Cy. Applying (5.3) to NsOu (for both k and k — 1) we have

lullye < Crl|Oully, + leally—y + y/elly llell o)

Proceeding as in the 1 < g < n case, we conclude

(5.4) lull, < Chk Héu“k

for all u € C>(Q) N (ker 9)*.

_ Since 95 Ns is exactly regular, we can now use (5.3) and (5.4) to estimate u =
OsNs f for any f € W(’B’q)(Q) Nkerd with 1 < ¢ < n. Using formula (2) in [3], we
can use this to estimate the Bergman Projection Psu for all u € W(’B q)(Q) with

0 < g < n—1 (estimates for ¢ = n are trivial). By the main result of [3], we
conclude

INsfll, < Crll £l
for all f € W(%_q)(Q), 1 < g < n. Since Cf is independent of d, we can take weak
limits and obtain our result. (I

6. BOUNDED PLURISUBHARMONIC EXHAUSTION FUNCTIONS

In this section, we will show that the existence of certain bounded plurisub-
harmonic exhaustion functions suffice for global regularity. This will generalize a
known result of Kohn [21]. While Kohn’s main theorem is primarily concerned with
quantitative estimates, it does imply a global regularity condition. Suppose that
for every 0 < 1 < 1 there exists a smooth defining function p, such that —(—p;)”
is a plurisubharmonic function on 2. For a fixed smooth defining function r, define
hy by pp, = hyr. Kohn’s main theorem implies that the 0-Neumann operator is
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3
globally regular if (1 — n)supyq (1 + %) can be made arbitrarily small. This

is easily seen to be equivalent to the condition that
liminf /1 — nsup |Vlog h,| = 0.
n—1- oQ
One consequence of Theorem 6.2 below is that this condition can be relaxed to
liminf \/1 — nsup |V log h,| = 0.
n—1- a9

Before we state our main result, we will define a pseudometric to measure the
relationship between two defining functions p and r. At any point p € 952, we define

N, C Tp(l’o) (09) to be the null-space of the Levi-form.

Definition 6.1. Let 2 C C™ be a smooth, bounded, pseudoconvex domain with
smooth defining functions p and r. Let h be the smooth, non-vanishing function
defined on Q by p = hr (see Lemma 1.1.3 in [8]). For any p € 912, we define the
quantity
op(rp)=  sup  |T(logh)
{TeN,:|T|=1}
to measure the pointwise relationship between two defining functions. When N, is
empty, we set o,(r, p) = 0. We also define
o(r,p) = sup o,(r,p)
peEON
to measure the global relationship. Observe that o, is bounded by the gradient
of log h, and since log h is a C* function and Q is bounded, ¢ is guaranteed to be
finite.

Theorem 6.2. Let 0 C C™ be a smooth bounded pseudoconver domain with a
smooth defining function r. Suppose that for every 0 < n < 1 there exists a smooth
defining function p, such that —(—py)" is plurisubharmonic and

liminf \/1 —no(py,r) = 0.
n—1-
Then Q admits a family of transverse vector fields satisfying Definition 2.5.

Remark 6.3. Suppose, for example, that ) admits a defining function which is
plurisubharmonic on the boundary. This is known to imply the existence of an
approximately holomorphic family of transverse vector fields by a result of Boas
and Straube [4], and a result of Fornaess and Herbig [14] shows that the hypothesis
of 6.2 are also satisfied. In their construction, o(p,, ) ~ (1—n), so the requirements
of Theorem 6.2 are much weaker.

Remark 6.4. Observe that if r; and ro are two different defining functions for €,
then o(py, 1) < 0(py,72) + 0(r2,11), S0

lim}nf V1—=n0(py,r1) < lim ilnf V1 —=n0(py,12)
n—1- n—1-

and vice-versa. Hence, the conditions of Theorem 6.2 do not depend on the choice
of a defining function 7.

Proof. Fix € > 0. For any p € 012, we define v, to be the unique path containing p
that is normal to the level curves of r in a neighborhood of the boundary. We need
two constants to choose an appropriate value of 7. The first of these is d = supg, |z|.
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To define the second, we note that since 7 is a C® defining function, for any p € 99
we can find a constant k, > 0 such that

60 Y ((wa 2 ) @ (way e ) o) < b [0 Wl | @

=1 =1

for any z € <, and smooth vector field a. Since the 7, vary continuously, k, is
continuous function on J§2, so we can define our second constant by k = supyq kp.

We now choose 0 < n < 1 satisfying ¢ = 177"(1 + 4d2k) (i.e. n= %).
Define ¢, by —(—p,)" = —e #7(—r)". Observe that, with h defined as in
Definition 6.1, ¢, = —nlogh. For each p € 012, choose orthonormal coordinates
2P in a neighborhood of p so that zP(p) = 0, 6‘,9; (p) = 01if j # n, and the Levi-
form is diagonalized with {2}, ..., 2P } representing the null space of the Levi-form,
0 <m < n—1. With vector fields L; = a%;? 72|8r|7238—%% for1<j<n-1

and L, = 2|0r| > 32", 252, we can define

j=1 62;’ 625
n—1
vp = e L, + E a’L; +rbLy,
j=m+1

for values of a/ and b to be chosen later. We have dr(v,) = e¥” + rb and hence

v N O
gvr |, = e~ n Z @3(%)
j=1 "7

= e ?19(e?n +1b) — e~y 00 (;Z)
Z .
J

j=1
= Oy, + e ¥nbor
n—1
e P Pr ~ ([ Or
J—— 7Y% J

We can now choose a’ so that 0;P|p =0forallm+1<j<mn-—1and then choose

. . 0, 2,
b so that 6,7, = 0. When 1 < j < m we are left with 9;”\,, = %75," — %,
but then since ¢, = —nlogh we have |9;-}”|p| < %a(r, pn) + C||7||o2. Hence,

16V |, < /mno(r, py) + C ||r]| o2, so there exists a neighborhood U, of p on which
16v7] < v/n —1o(r, py) + C||7|| 2. Choose a finite covering of 02 by these U, and
a partition of unity x, subordinate to this cover, so that we can define

Ve = E XpUp-
p

Since dr(v,) = e¥7 on 0f) regardless of the value of p, we immediately obtain
dr(v:.) = e®n on 0. Hence, on 9f), we can compute

0% = (xp0" +0xp) = D (xpb"),
P P

and hence

16°| < vVn—1o(r, py) + C||7|lc2 -
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By assumption (and the relationship between e and 1), we have on 9

hrn+ |0 |e = V1 + 4d?k hm |0°| /1 —n =0.
e—0
Hence, there must exist constants A. — 0 such that on 99, |6v¢| < %.

Apart from the bound on #%:, we will need one more fact about v.. Since
dr(ve) = e¥n, we have on 05 for any smooth (0, 1)-vector field 7 satisfying dr(7) = 0
the following computation

(6.2)
0V (1) = e~ ¢ (dr([0, ve])) () = e~ ¥7 Z 37]51”
- _ivg (a (g;e%» (r) = | By — e~ Zvﬂa (g;) (7).

j=1
Now, we begin to construct A.. First, we compute
i00(—(—py)") = ie” 7 (=r)"0dp, — i1 (—1)"p, A Opy

—ine= 7 (=r)""1(9r A D, + Oy A Or)
+ine=?1(—r)17100r 4 in(1 — n)e” ¢ (—r)""20r A Or.

Since i99(—(—py,)") > 0, we can divide this by (—r)" and e~#7 and obtain

(6.3) 100y, — 10y A Dy — in(—1) "1 (Or A Doy + Oy A Or)

+in(=r)"1o0r +in(1 —n)(—=r)"20r A dr > 0.

Suppose that in a neighborhood of some point p € 99, 79 is a smooth (1, 0)-vector
field such that 7o|, is in N,. By (6.1), 70 must satisfy

i_l (Rt ) @) <k 0 2|

gt j=1

’ 2

(2)
on 7,. Applying (6.3) in the 7y direction at p (and remembering that 9r(7)|, = 0),

we find that
~ o OPpy ey O
J=f n Opn 0Py ks
> 7 (azjaz@ 82 0z " ”)
Jl=1

Now, if we restrict (6.3) to the span of 79 and v, we obtain a positive 2 x 2 matrix.
Computing the determinant of this matrix on -,\p, we obtain

- Py Opy Oy _ > _
J noo_Zrm-rn . o o 2 o 1
> 7t (oo~ 52580 1 gk ) | a2 (e PO )

j. =1
2

LN 0%r or Oy
> _\1 E j=t(_ =~ ' Z¥n —) .
= 77( T) VeTo (82’]82[ azj 62@ > + O(( T) )
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If we multiply both sides by (—r)2, we can restrict to the boundary and apply (6.2)
to obtain

LI 0% Oy Op 2 — N2
E J =L noo_ i n . — > Pn@ve .
= 7070 <82‘765[ 32] 85[ + ’I’]k(%e) ’7(1 77) ‘d’l"(’UE)l = |776 (To)l

Canceling the |dr(v:)|> = €27 from both sides and dividing by n(1 — 1) yields

. Poy oy Op 2

E noo_ n n . Ve
Z 070 (82 0z 0z 0% +nk6ﬂ> = 1—7) 0%(70)]
(6.4) jil=1 !

\/

1+ 4d%k
= ——— 0" (7).

g2

To construct A\., we define constants A = 7 and B = 5 and let

1+4d2 1+4d2
Ae = Ap, + B |z|2 + Cyyr + Dyr?,
with C, > 0 and D,, > 0 to be chosen later. On 052, we have
e = Adp, + BO |z|* + C,0r
09N, = iADDp, + 1B |z|* + iC,ddr + 2iD,dr A dr-.
We define
i© = 100N — 10X N O — 2'5%5”5 A6

and claim that C, and D, can be chosen so that ¢{® > 0 on 9.

Fix p € 092. We assume the Levi-form of 92 has both zero and strictly positive

eigenvalues at p, since the following proof can be easily adapted for the other cases.
Let 79 be a (1,0)-vector field in N,. Using (6.4), we have

N ~ 8¢ 9 9
Y R0 => 1% (Aaz 55+ Bl - (A a‘p” + Bz ) (Aai;’ + Bzz)
J

3 =1 =1 &

1 NVe (Ve
—E—er oy )
L Oy Op
> T <A — A)=1 =20 4 (B — Ank)éje
j;l 070 0zj 0% J
den 7_89077 22
AB (82] ¢+ Z 97, B*Zz

Since 0 < A < 1, we have

A1 — 4220280 g (0o, O > _AB
aZj 07y

so we can substitute and obtain

AB
Z TOTO e > Z 7'07'0 < B — Ank)éje — 1—A AZ]-Zg - B2Zj25> .
7,4=1 7,0=1
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Using |z| < d, this implies
B%d?
Z 7'07'0 e > Z 7'07'0 ( B Ank)(sjg 71 — A(Sjg) .
7,4=1 7. 4=1
Substituting the known values for A and B, we can compute

B2d> k(1 —n)
1-A  1+4d%k

(B — Ank) —

Hence, we conclude

2 07050 > z:: +4d2k ‘ ‘

Jt=1

Next, we let 71 be a tangential (1, 0)-vector field in the orthogonal complement
of Np. Since the Levi-form is positive definite at p, this necessarily implies

0%r

¢

T >0
le V192,07,

9%r
—L _
Z Tl Tos—F— 92,0% =0.

7,0=1

In particular, this means that 3, , 7§04 is independent of C,, and Y 70,
is an increasing linear function with respect to Cy, so we can choose C¥ large enough
to make i© strictly positive when restricted to the span of 71 and 9. Hence, i{© can
be made strictly positive on the span of all tangential (1, 0)-vector fields at p. Since
this is an open condition, it applies on an open neighborhood of p, so a standard
compactness argument can be used to find a single value of C, making i© strictly
positive on all of 99).

Similarly, we observe that for any smooth tangential (1,0)-vector field 7 on 992,
20T 0, is independent of D,, and 2.0 Vi £0,¢ is an increasing linear function
with respect to D,, so D, can be chosen large enough to make i® > 0 on all of
9. Since {00\, > i0A. A 5)\5 is an open condition, it holds in a neighborhood of
the boundary, and the proof of Lemma 3 in [25] can be used to extend A, into the
interior of €. O
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