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Abstract—We investigate the sampling of functions
in principal shift-invariant spaces with the aid of the
Zak transform. The main question we ask is: when
can a signal in such a space be reconstructed from its
samples in a manner analogous to the classical sam-
pling theorem of Shannon for bandlimited functions?
The answer is shown to depend on general properties
of the generator of these spaces, primarily orthogonal-
ity, smoothness, self-similarity and the nature of the
sampling. We address the question of how to control
aliasing error and the problems associated with the
non-translation-invariance of these spaces.

I. Introduction

In this paper we investigate several issues surround-
ing the sampling of signals in principal shift-invariant
spaces. The archetype of such spaces is the space V of
signals bandlimited to [− 1

2 , 1
2 ], i.e., f ∈ V ⇐⇒ f ∈

L2(R) and f̂(ξ) = 0 for |ξ| > 1
2 . The Shannon sam-

pling theorem governs the sampling of such functions
and has become the mathematical technology that al-
lows for the digitisation of analog signals and the re-
construction of such signals from their samples.

In recent years, the theory of wavelets has made an
enormous impact on digital signal processing. In this
context, information is thought to be composed of dif-
fering levels of resolution. This heirarchy of details is
captured by a multiresolution analysis. It is appropri-
ate then to consider the sampling of signals in these
spaces and to try to provide for multiresolution analy-
sis that which the Shannon sampling theorem provides
for Fourier analysis – a means of moving seamlessly
between the analog and digital realms.

It should be stressed that while several new tech-
niques for sampling in shift-invariant and multireso-
lution spaces are introduced in this paper, the prin-
cipal focus and main results are in the validation of
these schemes and those of several other authors, i.e.,
this paper gives general sufficient conditions on shift-
invariant spaces for these sampling procedures to be
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effective. Questions related to aliasing and the prob-
lems associated with the non-translation-invariance of
general multiresolution spaces are also considered.

The results here concern sampling rather than the
“generalised sampling” of Unser and Zerubia [1]. All
of the sampling operators considered in this paper are
(non-orthogonal) projections, and are associated with
ideal samplers, i.e., given a continuous signal f , we as-
sume we are able to obtain the value of f(x0) for any
x0, rather than just an averaged or smoothed approx-
imation at0 =

∫

f(t)Φ(t − t0) dt for some distribution
Φ supported on a set of positive measure around 0.

II. Sampling in shift-invariant spaces

A. Definitions and Examples

By a principal shift-invariant space, we mean a
closed subspace V of L2(R) and a function ϕ ∈ V
such that the collection {ϕ(x− k)}k∈Z is an orthonor-
mal basis for V . The orthonormality condition on the
integer shifts of ϕ may be weakened to a Riesz basis
condition without difficulty.

As a first example, consider the space of functions

VH = {f ∈ L2; f
∣

∣

[k,k+1)
= const}

with ϕH(t) = χ[0,1)(t). The pair (VH , ϕH) is the Haar
PSI space. Since each f ∈ VH is continuous except at
the integers, it is clear that samples taken at x0 + Z

are well-defined when 0 < x0 < 1 and

f(x) =
∑

k

f(x0 + k)ϕH(x − k),

a sampling result for signals in VH .
In the context of sampling, a more celebrated exam-

ple, and one that is more illuminating to the path we
will follow, is the so-called Shannon PSI space (VS , ϕS)
where

VS = {f ∈ L2(R); f̂(ξ) = 0 if |ξ| >
1

2
}

and ϕS(t) = sin πt
πt

. The Shannon sampling theorem
states that each f ∈ VS may be reconstructed from its
sampled values {f(k)}k∈Z via

f(t) =
∑

k

f(k)ϕS(t − k).



B. Zak transform

The principal tool in the analysis of sampling oper-
ators is the Zak transform whose definition and basic
properties we briefly outline. An excellent reference
for properties and applications of the Zak transform
is [2]. Given f ∈ S(R) (the Schwarz space of rapidly
decreasing functions) and x, ξ ∈ R, let the Zak trans-
form of f at the point (x, ξ) in phase space be given
by

Zf(x, ξ) =
∑

k

f(x + k)e2πikξ.

The Zak transform satisfies a quasi-periodicity prop-
erty: Zf(x + k, ξ + l) = e−2πikξZf(x, ξ) (k, l ∈ Z).
Hence, the values of Zf on the square Q = [0, 1]×[0, 1]
imply the values of f on all of phase space and we
think of Q as the domain of Zf . The Zak trans-

form is unitary on S(R):
∫ 1

0

∫ 1

0
|Zf(x, ξ)|2 dx dξ =

∫ ∞

−∞
|f(x)|2 dx and hence Z extends to a unitary oper-

ator Z : L2(R) → L2(Q). We will also want to extend
the Zak transform to R × C – for x ∈ R, z ∈ C let
ZCf(x, z) denote the Laurent polynomial ZCf(x, z) =
∑

k f(x+k)zk. Note that ZC(x, e2πiξ) = Zf(x, ξ) and
when f is supported on [0,M ] (M a positive integer)
and 0 ≤ x < 1 then Zf(x, z) is a polynomial of degree
at most M − 1.

C. Multiresolution analysis and wavelets

Let ϕ be a scaling function for an MRA of L2(R)
and H be the scaling filter associated with ϕ, i.e., ϕ
satisfies a dilation equation of the form

ϕ(
x

2
) =

∑

k

hkϕ(x − k) (1)

and H(z) =
∑

k hkzk (z ∈ C \ {0}). We assume ϕ
is supported on [0, L]. Then hk = 0 for k < 0 or
k > L, i.e., H is a polynomial of degree L. Fur-
ther, we assume the three conditions: (a) H(1) = 1,

(b) H(z)H( 1
z
) + H(−z)H(−1

z
) ≡ 1 (z 6= 0), and

(c) the τ -cycle condition: there is no non-trivial cy-
cle {ζ1, . . . , ζn} for the operation τζ = ζ2 acting on
the circle T (i.e., τζi = ζi+1 and ζ1 = ζn) such
that |H(ζi)| = 1 for all i. Together, these conditions
are necessary and sufficient to ensure that the inte-
ger translates of ϕ are orthonormal. The wavelet ψ
associated with the scaling function ϕ is given by

ψ(
x

2
) =

∑

k

gkϕ(x − k) (2)

with gk = (−1)kh1−k. Further details on wavelets and
multiresolution analysis may be found in [3].

It was observed by Janssen [4] that equation (1)
forces a self-similarity property on ZCϕ. In fact, if we
define an operator T on Laurent series by Tf(z2) =

H(z)f(z) + H(−z)f(−z), then by taking the Zak
transform of (1) we have

ZCϕ(x, z) = T (ZCϕ(2x, ·))(z). (3)

As an operator on L2(T), the adjoint T ∗ acts via

T ∗f(z) = 2H( 1
z
)f(z2), is a multiple of an isometry,

and is a right inverse for T .
For applications of these ideas to the construction of

compactly supported wavelets and wavelets amenable
to extrapolation and sampling, the reader is referred
to [5].

D. Critical Sampling

The basic sampling problem for a PSI space is that
which generalises the Shannon sampling formula: can
any signal f ∈ V be recovered from its sampled val-
ues f(k) (k ∈ Z)? Equivalently, one asks whether
there exists S ∈ V such that f(x) =

∑

k ckϕ(x − j) =
∑

k f(k)S(x − k).
Let f(x) =

∑

k ckϕ(x − k) ∈ V . Then Zf(x, ξ) =
C(ξ)Zϕ(x, ξ). If there exists 0 ≤ y < 1 such that

infξ |Zϕ(y, ξ)| > 0, then we have C(ξ) = Zf(y,ξ)
Zϕ(y,ξ) and a

simple calculation gives f(x) =
∑

k f(y + k)Sy(x− k)
where

Sy(x) =

∫ 1

0

Zϕ(x, ξ)

Zϕ(y, ξ)
dξ =

∑

k

bkϕ(x − k) (4)

and bk =
∫ 1

0
e−2πikξ

Zϕ(y,ξ) dξ. Janssen [4] (and Walter [6]

when y = 0) gives explicit computations of these coef-
ficients and associated sampling functions Sy for sev-
eral examples.

There are, however, several drawbacks to this
scheme. If Zϕ is continuous it will have a zero at
some point (x0, ξ0) ∈ Q. (See [2].) For such a value
of x0, the sampling function Sx0 is not well-defined
and the scheme will fail, i.e., the sampling operator
f ∈ V → {f(x0+k)} does not have a bounded inverse.
Further, it is not known, even if ϕ is a (compactly sup-
ported) scaling function for an MRA of L2(R), whether
there exsits 0 ≤ y < 1 for which infξ |Zϕ(y, ξ)| > 0. In
this situation, shifted sampling would fail for all shifts
y.

Another perhaps more serious problem is the follow-
ing. Suppose (V, ϕ) is a PSI space, ϕ is compactly sup-
ported and 0 ≤ y < 1 is such that |Zϕ(y, ξ)| ≥ c > 0
for all ξ. Then Zϕ(y, ξ) is a trigonometric polynomial
in ξ and (Zϕ(y, ξ))−1 is not a trigonometric polyno-
mial unless ϕ(y+k) = δk−l for some integer l. If ϕ is a
scaling function, it has been shown by Xia and Zhang
in [7] that this is not possible with y = 0. So in gen-
eral there are infinitely many non-zero coefficients bk

in (4) and Sy will not be compactly supported. Note
that if ϕ is supported on [0, L] and f ∈ V then for any
given x the sum f(x) =

∑

k ckϕ(x − k) has at most
L− 1 non-zero terms while in the sampling expansion



f(x) =
∑

k f(y+k)Sy(x−k) there are infinitely many
non-zero terms.

E. Staggered Sampling

In [8], Djokovic and Vaidyanathan propose several
schemes to overcome the difficulties inherent in criti-
cal sampling, the first of which is known as staggered
sampling. With staggered sampling, the sampling rate
can be critical on average, but uniform samples are
staggered by a collection of points in the support of
ϕ. There are several of these schemes, but we discuss
just one of them and leave the discussion of its gen-
eral effectiveness – an issue not dealt with in [8] except
through particular examples – until section III A.

Suppose (V, ϕ) is a PSI space, ϕ is supported on
[0, L] and 0 ≤ x0 < x1 < · · · < xL−1 < 1.
Let Mϕ = Mϕ(x0, . . . , xL−1) be the L × L ma-
trix with (i, j)th entry [Mϕ]ij = ϕ(xi + j) (0 ≤
i, j ≤ L − 1). If f(x) =

∑

k ckϕ(x − k) ∈ V then
f(xj + kL) =

∑

l ckL−l[M
ϕ]jl. If Mϕ is invertible, we

have ckL−m =
∑L−1

j=0 [(Mϕ)−1]mjf(xj + kL) so that

f(x) =
∑

k

∑L−1
j=0 f(xj + kL)Sj(x − kL) where

Sj(x) =

L−1
∑

m=0

[(Mϕ)−1]mjϕ(x + m) (5)

is supported on [1 − L,L].
The invertibility of Mϕ for a general function ϕ

is not addressed in [8] although several examples are
examined. In particular, when ϕ is the quadratic
B-spline (L = 3), critical sampling at the inte-
gers is not possible since Zϕ2(0,

1
2 ) = 0. However,

det(Mϕ(x0, x1, x2)) is a Vandermonde determinant
and hence does not vanish as long as x0, x1, x2 are
distinct. To make general statements about the in-
vertibility of Mϕ, some restriction of the class of ad-
missible ϕ is required.

F. Oversampling

Another way to obtain compactly supported sam-
pling functions is to sample at a rate higher than the
critical rate, i.e, by oversampling. The higher rate
is compensated for by the improved flexibility such
schemes allow and improved aliasing results, as we
shall see in section III B.

On top of the orthonormality condition on ϕ, there
are other conditions one might impose, including com-
pact support, bandlimitedness, or the satisfaction of a
dilation equation. However, with no extra conditions,
we have the following result.

Theorem 1 Suppose (V, ϕ) is a PSI space, 0 ≤ y < 1
and M ≥ 2 is a positive integer for which

M−1
∑

l=0

|Zϕ(y +
l

M
, ξ)|2 ≥ c > 0 (6)

for all ξ. Then any f ∈ V may be written as f(x) =
∑

p

∑M−1
l=0 f( l

M
+ p + y)Sy

l (x − p) with

Sy
l (x) =

∫ 1

0

Zϕ(x, ξ)Zϕ( l
M

+ y, ξ)
∑M−1

n=0 |Zϕ( n
M

+ y, ξ)|2
dξ (7)

for 0 ≤ l ≤ M − 1.

Conditions which ensure the existence of a constant
c for which (6) holds are easy to find. In fact, the sum
in (6) may be viewed as a Riemann sum approxima-

tion to the integral
∫ 1

0
|Zϕ(x, ξ)|2 dx. If {ϕ(x − k)}

is an orthonormal set, we have
∫ 1

0
|Zϕ(x, ξ)|2 dx =

∑

k |ϕ̂(ξ + k)|2 = 1 for a.e. ξ. This is the key ob-
servation in the following result.

Theorem 2 Let ϕ be a compactly supported Hölder
continuous function of order α > 0 such that {ϕ(x −
k)}k is an orthonormal set. Then there exists a posi-
tive integer N such that

N−1
∑

k=0

|ZCϕ(
k

N
, z)|2 ≥ c > 0 (8)

for all z ∈ C.

This verifies condition (6) of Theorem 1 but still
does not overcome the the non-compact support of the
associated sampling functions. If ϕ is bandlimited,
then for each fixed ξ, |Zϕ(x, ξ)|2 is a trigonometric
polynomial in x, and as a consequence we have the
following result.

Theorem 3 Suppose ϕ is bandlimited to [0,M ] and
{ϕ(x − k)} is an othornormal set. Then for all 0 ≤

y < 1,
∑M−1

k=0 |Zϕ(y + k
M

, ξ)|2 = M for all ξ.

Theorem 4 If (V, ϕ) is a PSI space and ϕ is ban-
dlimited to [0,M ], then each f ∈ V may be repre-

sented by f(x) =
∑

p

∑M−1
l=0 f( l

M
+ p + y)Sy

l (x − p)

with Sy
l (x) =

∑

k ϕ( k
M

+ y + k)ϕ(y + k).

Remark. Note that since ϕ is bandlimited, so too is
Sy

l and for each y, l, supp (Ŝy
l ) ⊂ supp (ϕ̂) = [0,M ].

If we take a closer look at Theorem 2 we see that
we can in fact construct compactly supported sam-
pling functions. To see this, note that the condition
(8) may be interpreted to mean that the polynomials
{ZC( n

M
, z)}M−1

n=0 have no common zeroes. With an ap-
plication of the (extended) euclidean algorithm, we can
construct polynomials P 0, . . . PM−1 of degree ≤ L− 2
such that

M−1
∑

n=0

Pn(z)ZCϕ(
n

M
, z) ≡ 1. (9)

Restricting z to lie in the unit circle does the trick
— if f ∈ V then Zf( n

M
, ξ) = C(ξ)Zϕ( n

M
, ξ)

and hence
∑M−1

n=0 Zf( n
M

, ξ)Pn(ξ) = C(ξ). With

Pn(z) =
∑L−2

j=0 pn
j zj , f may be expressed as

f(x) =
∑

r

∑M−1
n=0 f( n

M
+ r)Sn(x − r) where Sn(x) =

∑L−2
j=0 pn

j ϕ(x + j) is supported on [2 − L,L].



III. Validation of sampling schemes

A. Staggered sampling

The staggered sampling scheme relies on the invert-
ibility of the matrix Mϕ defined in section II E. Sup-
pose ϕ is an orthogonal scaling function supported on
[0, L] and the staggered samples are taken at dyadic
rationals xj = lj/2J ; 0 ≤ j ≤ L − 1, 0 ≤ l0 < l1 <
· · · < lL−1 ≤ 2J − 1. . If Mϕ were singular, there
would exist d = (d0, . . . dL−1) ∈ C

L \ {0} such that
∑L−1

j=0 ϕ(
lj
2J + k)dj = 0 for all k. Taking the Fourier

series of both sides gives, by (3), T J(DΦ)(ξ) = 0

where D(ξ) =
∑M−1

j=0 dje
2πiljξ, i.e., the singularity of

Mϕ is equivalent to the existence of the trigonomet-
ric polynomial D of degree 2J − 1 as above for which
T J(DΦ) = 0.

We can use this criterion to check that this scheme is
valid in the case where L = 3 and sampling is done at
three of the four points 0, 1/4, 1/2, 3/4. For the proof
of this claim, the reader is referred to [9].

B. Oversampling

To validate this sampling scheme, we need to find
an upper bound on integers N ≥ 2 for which the poly-
nomials {ZCϕ( n

N
, ·)}N−1

n=0 have no common zeroes. If
Φ has the property that Φ(z0) = 0 =⇒ Φ(z2

0) 6= 0
then N = 2 will do the trick, i.e., 1/2-integer sampling
suffices. More generally, we have the following result.

Theorem 5 Let ϕ be a scaling function for an MRA
of L2(R), supported on [0, L]. Then the polynomials

{ZCϕ( l
2L−2 , z)}2L−2−1

l=0 have no common zeroes.

Proof: Suppose z0 is a common zero for the

polynomials {ZCϕ( l
2L−2 , z)}2L−2−1

l=0 and z2
1 = z0.

Then by (3) for each 0 ≤ l ≤ 2L−2 −
1, 0 = ZCϕ( l

2L−2 , z0) = H(z1)ZCϕ( l
2L−3 , z1) +

H(−z1)ZCϕ( l
2L−3 ,−z1). Replacing l by l +

2L−3 and using the quasiperiodicity property gives

0 = ZCϕ( l+2L−3

2L−2 , z0) = 1
z1

[H(z1)ZCϕ( l
2L−3 , z1) −

H(−z1)ZCϕ( l
2L−3 ,−z1)]. But by the QMF con-

dition, H(z1) and H(−z1) cannot both be zero.
Hence, by swapping z1 and −z1 if necessary, we have
ZCϕ( l

2L−3 , z1) = 0 for all 0 ≤ l ≤ 2L−3 − 1. In
particular, we have produced another zero of Φ(z) =
ZCϕ(0, z): Φ(z0) = Φ(z1) = 0. We continue this
process. If |z0| 6= 1, then we produce L distinct ze-
roes 0, z0, z1, . . . , zL−2 of Φ, a polynomial of degree at
most L − 1. If |z0| = 1, there may be a repetition:
zj = z0 for some 0 < j < L − 2. Suppose that for
each 0 < m ≤ j we have ZCϕ( m

2L−3 ,−z1) 6= 0. Then
H(−zm) = 0 and again by the QMF condition we have
|H(zm)| = 1. Consequently we have a non-trivial cy-

cle zj , zj−1 = z2
j , zj−2 = z4

j , . . . z0 = z2j

j = zj for the

action τ : z → z2 on the circle with |H(zj−1)| = · · · =
|H(z0)| = 1, thus contradicting the τ -cycle condition.
We conclude that ZCϕ( l

2L−m−2 ,−zm) = 0 for at least

one 0 ≤ m < j and all l. We now begin a new string of
zeroes wm = −zm, wm+1, . . .. It is easy to show that
the w’s are distinct from the z’s. Either the zeroes
z0, z1, . . . , zm−1, wm = −zm, wm+1, . . . , wL−2 are dis-
tinct, or this string will branch as before. Continuing
this way we are assured of finding a branch of the tree
containing L − 1 distinct zeroes. Hence Φ has L ze-
roes (L − 1 from the tree and 0), yet is of degree no
greater than L− 1. We conclude that the polynomials

{ZCϕ( l
2L−2 , z)}2L−2−1

l=0 are co-prime. 2

As a corollary to the theorem, we have that sampling
at a rate of 2L−2 always produces a valid oversampling
scheme, e.g., for sampling functions such as D4 which
are supported on [0, 3], 1

2 -integer sampling is effective.
In general, sampling rates much lower than that given
in the theorem are achievable, but the theorem sug-
gests that by calculating the Zak transfoms ZCϕ(0, z),
ZCϕ(1/2, z), ZCϕ(1/4, z), ZCϕ(3/4, z), . . . eventually
we will produce polynomials without common zeroes.

IV. Aliasing

In [4], a very simple way of thinking about aliasing in
general multiresolution spaces is introduced. Janssen’s
sampling operator Syf(x) =

∑

k f(k)Sy(x − k) is a
projection onto V0 but, thought of as an operator from
C0(R)∩L2(R) to V0, it will not be an orthogonal pro-
jection. So one has to be concerned about aliasing
effects.

As a measure of aliasing error, Janssen proposed
looking at the size of Syf when f ∈ W0 (the orthogo-
nal complement of V0 in V1).

Definition 1 The aliasing norm N (Sy) of the sam-
pling operator Sy : V1 → V0 is defined as

N (Sy) = sup{‖Syf‖V0
/‖f‖W0

: f ∈ W0}.

If the aliasing norm is large then aliasing effects are
very strong. Usually this is an undesirable feature in
signal analysis. Consequently one seeks ways in which
to minimise or at least control the effects of aliasing.

Janssen [4] showed that N (Sy) = maxξ |
Zψ(y,ξ)
Zϕ(y,ξ) |. Min-

imising the effect of aliasing then amounts to finding
y such that N (Sy) is minimised and Janssen showed
that in the case of the Daubechies D4 scaling function
the sampling norm could in fact be made quite small
for y ≈ 0.37.

A. Aliasing with staggered samples

As discussed above, in the case of regular critical
sampling, the sampling function cannot have com-
pact support but it is possible to get good control of
aliasing. In Djokovic and Vaidyanathan’s staggered
sampling scheme one has average critical sampling in
which the sampling functions can have compact sup-
port because the relationship between sample values
and multiresolution coefficients is completely local. In



fact, one should suspect that this localisation might
lead to instability from the point of view of aliasing
errors and, indeed, this appears to be the case. To
make matters more precise we need to extend Defini-
tion 1 to more general sampling operators.

Definition 2 Any continuous operator S : V1 → V0 of
the form f 7→

∑M−1
m=0

∑

k∈Z
f(xmk)Sm(x − ymk) such

that S|V0
= I|V0

is called a sampling operator. For any
such operator S we define the aliasing norm N (S) of
S to be N (S) = sup{‖Sf‖V0

/‖f‖W0
: f ∈ W0}.

Lemma 1 Let S : V1 → V0 be the staggered sampling
operator f 7→

∑

k

∑L−1
j=0 f(xj + kL)Sj(x − kL) where

0 ≤ xj < 1 and {Sj}
L−1
j=0 are the sampling functions

given in (5). Then the aliasing norm of S is given by

N (S) = ‖Mψ(Mϕ)−1‖ where Mψ
jl = ψ(xj + l).

B. Controlling aliasing by oversampling

Classical sampling of bandlimited functions provides
ample reason for expecting that oversampling can lead
to control of aliasing. In the present context we are
trying to define a projection operator onto V0 in which
the projection is defined in terms of samples taken,
at least on average, at a rate higher than one per
unit interval. We will specifically focus on sampling
projections of the form Sf(x) =

∑

k∈Z

∑M−1
j=0 f(xj +

k)Sj(x−k) where the xj are distinct numbers in [0, 1).
The sampling functions are finite linear combina-

tions of translates of the scaling function and the num-
ber of translates needed will typically depend on the
sampling rate: the higher the sampling rate the fewer
translates needed. We will show how the added de-
grees of freedom provided by oversampling allow one
to control aliasing.

Suppose that ϕ is a scaling function supported in
[0, L] and let 0 ≤ x0 < x1 < . . . < xM−1 < L. In
the notation of section II F, when M(D + 1) > L + D
the coefficients of the polynomials P j are typically un-
derdetermined. This leaves open the possibility that,
in addition to reproducing V0, the sampling operator
might also annihilate part or all of W0, thereby elim-
inating aliasing. To this end, in addition to satisfying
condition (9) we also seek to satisfy

M−1
∑

j=0

ZCψ(xj , z)P j(z) ≡ 0. (10)

The effect of this condition on aliasing is given by the
following lemma.

Lemma 2 Let ϕ be a compactly supported orthgonal
scaling function with wavelet ψ, and polynomials P j(z)
satisfying (9) and (10). If S is the sampling operator

S : f 7→
∑

k

∑M−1
j=0 f(xj + k)Sj(x − k) where Sj(x) =

∑

l p
j
l ϕ(x − l), then the aliasing norm N (S) = 0, i.e.,

W0 lies in the kernel of S.

Verifying (10) is just another nondegeneracy condi-
tion. In general it requires more oversampling. If the

M polynomials P j each have degree D then we now
have M(D+1) unknown coefficients for which to solve
but now we have L + L′ + 2D equations, when we as-
sume that ψ is supported on the interval [0, L′]. So
M(D + 1) ≥ L + L′ + 2D is required for any hope of
a solution, together with the rank condition. In the
case of the D4 scaling function and wavelet this says
that we need M ≥ 6 samples per interval to elimi-
nate aliasing when D = 0 and M ≥ 4 samples per
unit interval when D = 1. If one uses polynomials
of degree four it is possible to use only three samples
per interval. This scheme cannot eliminate aliasing if
one samples twice per unit interval and uses sampling
functions with compact support. It is not yet known
whether aliasing can be eliminated if one samples at
twice the critical rate with non-compactly supported
sampling functions.

For proofs of the results of this section and a numer-
ical investigation of aliasing norms of critical sampling,
staggered sampling and oversampling operators in the
case of scaling functions supported on [0, 3], the reader
is referred to [9].

V. Non-translation-invariance

A. Discrepancy

As is shown in [10], the only MRA (Vj , ϕ) which
is translation-invariant (in the sense that f ∈ V0 ⇒
ταf = f(· − α) ∈ V0 for all α) is the Shannon MRA.
In this section we use the Zak transform to investi-
gate the degree of non-translation-invariance of MRA
spaces and the difficulties it causes for sampling. We
provide feasible schemes for overcoming these difficul-
ties through oversampling.

For each α ∈ R and f ∈ V0, we measure the degree
to which the energy of f leaks out of V0 when trans-
lated by α by the quantity ‖ταf − PV0

ταf‖2
2/‖f‖

2
2.

(Here PV0
is the orthogonal projection onto V0.)

Hence, we define dϕ(α) = supf∈V0, ‖f‖2=1 ‖ταf −

PV0
ταf‖2

2 as the translation discrepancy of ϕ with re-
spect to α. It is natural then the consider quantities
such as

dϕ = sup
0≤α<1

dϕ(α) and dϕ =

∫ 1

0

dϕ(α) dα

as measures of the non-translation-invariance of
(V0, ϕ). For the purposes of this paper, we’ll consider
the maximum discrepancy dϕ only.

The discrepancy is significant in the analysis of sig-
nals via the wavelet spectrogram. The energy of a
signal f in the wavelet space Wj is Ej(f) = ‖PWj

f‖2
2.

Then the (discrete) wavelet spectrogram of f is the
sequence E(f) = {Ej(f)}∞j=−∞. We define the cumu-

lant FJ(f) =
∑J−1

j=−∞ Ej(f) = ‖PVJ
‖2
2 (j ∈ Z).

A high value of dϕ(α) means that there is a signal
f ∈ V0 = ⊕−1

j=−∞Wj (thought of as a space of lower
order details) such that ταf has most of its energy in
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0 (thought of as the space of higher order details).

In fact, we have the following result.

Theorem 6 Let ϕ be a scaling function for an MRA
of L2(R) with continuous QM filter H. Then dϕ( 1

2 ) =
1, i.e., given ε > 0 there exists f ∈ V0 such that
‖PV0

τ 1

2

f‖2
2 < ε.

B. Determining the shift

The basic problem of critical sampling in an MRA
space is the following: given incoming data ak =
f(α + k) (k ∈ Z) consisting of shifted integer samples
of f ∈ V0, how do we reconstruct f? In the case of the
Shannon MRA which is translation-invariant, we have
∑

k akϕ(x−k) =
∑

k f(k+α)ϕ(x−k) = f(x+α) ∈ V0.
Even without prior knowledge of the shift α, the left-
hand-side of this equation gives a signal in V0 which
interpolates the data. As we have seen, this can
only be done in the Shannon case. For other MRA’s,
the schemes we have developed and validated require
knowledge of the shift parameter α. Oversampling can
be used to determine the shift and hence initialise our
sampling procedures.

We now give an algorithm for determining the shift
from oversampled data. The assumptions we make on
ϕ is that it be compactly supported and for all 0 ≤
α < 1

2 , the polynomials ZCϕ(α, z) and ZCϕ(α + 1
2 , z)

are co-prime.
Let {ak = f(α + k

2 )}k be twice oversampled data
arising from samples of f ∈ V0. Split the data into
even and odd components: ae

k = a2k; ao
k = a2k+1,

and form the Fourier series of these sequences:

Ae(ξ) = C(ξ)Zϕ(α, ξ); Ao(ξ) = C(ξ)Zϕ(α +
1

2
, ξ).

With Sβ the critical sampling operator described in
section II D, we define an operator T β : l2(Z) → V0

by T βd(x) =
∑

k dkSβ(x − k). Then

∑

m

|T βae(m +
1

2
+ β) − ao(m)|2

=

∫ 1

0

|Ae(ξ)ZSβ(β +
1

2
, ξ) − Ao(ξ)|2 dξ

=

∫ 1

0

|C(ξ)|2

|Zϕ(β, ξ)|2
|Zϕ(α, ξ)Zϕ(β +

1

2
, ξ)

−Zϕ(α +
1

2
, ξ)Zϕ(β, ξ)|2 dξ

and we conclude that T βae(m + 1
2 + β) = a0(m) for

all m if and only if

Zϕ(α, ξ)Zϕ(β +
1

2
, ξ) = Zϕ(α +

1

2
, ξ)Zϕ(β, ξ)

for all ξ. Since the polynomials ZCϕ(α, z) and ZCϕ(α+
1
2 , z) are co-prime, we see that Zϕ(α, ξ) = Zϕ(β, ξ)
for all ξ, i.e, ϕ(α + k) = ϕ(β + k) for all integers
k. Since ϕ satisfies a dilation equation, we also have

ϕ(α+k
2J ) = ϕ(β+k

2J ) for all J, k ∈ Z. Now if ϕ is con-
tinuously differentiable, this implies that for each J, k
there exists xJ,k ∈ [ k

2J , k+1
2J ] such that ϕ′(xJk) = 0 and

hence that ϕ ≡ 0. Hence, the shift α is the unique β
for which

D(β) =

∫ 1

0

|Ae(ξ)Zϕ(β +
1

2
, ξ)

−Ao(ξ)Zϕ(β, ξ)|2 dξ

=
∑

m

|
∑

k

[a2kϕ(β +
1

2
+ m − k)

−a2k+1ϕ(β + m − k)]|2 = 0.

In practice, we choose the β which minimises this
quantity.
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