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Abstract. Let Ω be a subregion of {z : |z| < 1} for which the

Dirichlet problem is solvable, assume that 0 ∈ Ω and let ωΩ de-

note harmonic measure on ∂Ω for evaluation at 0. If E is a Borel

subset of {z : |z| = 1} and ωΩ(E) > 0, then we find a simply

connected region G, where 0 ∈ G ⊆ {z : |z| < 1}, ∂G ⊆ Ω∪E and

ωG(E) > 0, such that U := G ∪ Ω has the property that ωU and

ωΩ are boundedly equivalent on ∂U . We mention consequences of

this in function theory.

1. Introduction

Let D denote the unit disk {z : |z| < 1}, let T denote the unit circle

{z : |z| = 1} and let m denote normalized Lebesgue measure on T. Let

Ω be a Dirichlet region (i.e., a region for which the Dirichlet problem is

solvable) such that 0 ∈ Ω ⊆ D, and let ωΩ denote harmonic measure on

∂Ω for evaluation at 0. If Ω is simply connected, E is a Borel subset of

T and ωΩ(E) > 0, then one can find a Jordan region W with rectifiable

boundary such that 0 ∈ W ⊆ Ω, ∂W ⊆ Ω∪E and m(E∩∂W ) > 0 (cf.,

[4] and [10], Proposition 6.23). In this paper we expose an analogue of

this for Dirichlet subregions of D in general. First observe the obvious

fact that if G is a simply connected region such that 0 ∈ G ⊆ Ω and

ωG(T∩∂G) > 0, then by the Maximum Principle, ωΩ(T∩∂G) > 0 and

hence ωΩ(T) > 0. The main result of this paper (Theorem 3.6) shows

that a close relative of this condition characterizes when ωΩ(T) > 0.

Indeed, we show that if E is a Borel subset of T and ωΩ(E) > 0, then
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there is a simply connected region G, where 0 ∈ G ⊆ D, ∂G ⊆ Ω ∪ E

and ωG(E) > 0, such that U := G∪Ω has the property that ωU and ωΩ

are boundedly equivalent on ∂U . In essence, the distribution of ωΩ on

the part of the boundary of Ω that lies inG does not effectively diminish

the distribution of ωΩ elsewhere on ∂Ω. This result has consequences

in function theory and also is closely related to some recent work on

so-called champagne bubbles subregions of the disk; cf., Remarks 3.7.

2. Preliminaries

Let A denote two-dimensional Lebesgue measure (i.e., area measure)

on D and, as mentioned earlier, let m denote normalized Lebesgue

measure on T. The Poisson kernel on T for evaluation at some point

w in D is given by

Pw(ξ) =
1− |w|2

|ξ − w|2
.

This kernel provides the solution to the Dirichlet problem for D in that,

for any continuous real-valued function h on T,

w 7→
∫

T
h(ξ)Pw(ξ)dm(ξ)

is the unique harmonic function in D that has continuous extension to

D with boundary values h. If µ is a finite, positive Borel measure with

support in D, then, for z in D, we let ψµ(z) denote the integral

∫
D

log
∣∣∣ w−z1−zw

∣∣∣dµ(w) (=

∫
D

log
∣∣∣ w−z1−zw

∣∣∣dµ(w)),

which is the negative of the Green’s potential of µ|D at z; cf., [8]. Notice

that if ν is a representing measure for evaluation at 0 and ν has support
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in D, then, for z in D,

ψν(z) =

∫
D

log
∣∣∣ w−z1−zw

∣∣∣dν(w)

=

∫
D

log |w − z|dν(w) =: pν(z),

which is the negative of the logarithmic potential of ν at z. For points

z and w in D, let ρ(z, w) =
∣∣ w−z
1−zw

∣∣ – the so-called pseudohyperbolic

distance between z and w. One may verify that ρ is indeed a metric

on D. For z in D and 0 < r < 1, let Dr(z) = {w ∈ D : ρ(z, w) < r}.

Once again, let µ be a finite, positive Borel measure that has support

in D. For z in D and 0 < r < 1, we let ψµ,r(z) denote the integral∫
Dr(z)

log
∣∣∣ w−z1−zw

∣∣∣dµ(w).

In addition, we define Qµ,r on D by

Qµ,r(z) =

 0 if |z| ≤ 1
2

ψµ,r(z)

log |z| if 1
2
< |z| < 1.

For ξ in T and 0 < a < 1, let Sa(ξ) denote the interior of the the closed

convex hull of {z : |z| ≤ a} ∪ {ξ}. We call Sa(ξ) a Stolz region based

at ξ. Notice that Sa(ξ) forms an angle of 2 · arcsin(a) at ξ.
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Lemma 2.1. Let µ be a finite, positive Borel measure with support in

D. If
∫

D Pw(ξ)dµ(w) <∞ for some ξ in T, then, for any r, 0 < r < 1,

and any Stolz region Sa(ξ),∫
Sa(ξ)

Qµ,r(z)

|ξ − z|2
dA(z) <∞,

and hence

lim inf
z→ξ

z∈Sa(ξ)

ψµ,r(z)

log |z|
= 0.

Proof. We assume, without loss of generality, that ξ = 1. Choose

constants a and r, 0 < a, r < 1, and let S = Sa(1). Let S∗ = {w :

there exists z in S such that ρ(w, z) < r}. Notice that both S∗ and

S# := (S∗)∗ are contained in a Stolz region based at 1. So, there are

positive constants c1, c2 and c3 (depending only on a and r) such that∫
S

Qµ,r(z)

|1− z|2
dA(z) ≤

∫
S

(
1

|1− z|2 log |z|
·
∫
Dr(z)

log
∣∣∣ w−z1−zw

∣∣∣dµ(w)

)
dA(z)

=

∫
S

∫
S∗

log
∣∣∣ w−z1−zw

∣∣∣
|1− z|2 log |z|

· χDr(z)(w)dµ(w)

 dA(z)

≤
∫
S∗

∫
S#

log
∣∣∣ w−z1−zw

∣∣∣
|1− z|2 log |z|

· χDr(w)(z)dA(z)

 dµ(w)

≤ c1 ·
∫
S∗

1

|1− w|3

(∫
S#

log
∣∣∣1−wzw−z

∣∣∣ · χDr(w)(z)dA(z)

)
dµ(w)

≤ c2r
2 log(1/r) ·

∫
S∗

1

|1− w|
dµ(w)

≤ c3r
2 log(1/r) ·

∫
D
Pw(1)dµ(w),

which, by our hypothesis, is finite. �
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Theorem 2.2. Let µ be a finite, positive Borel measure with support

in D and let ξ be in T. If {zn}∞n=1 is any sequence in D that converges

to ξ, then ∫
D
Pw(ξ)dµ(w) ≤ lim inf

n→∞

ψµ(zn)

log |zn|
.

Furthermore, if
∫

D Pw(ξ)dµ(w) < ∞, then any Stolz region Sa(ξ) con-

tains a sequence {zn}∞n=1 such that

a) zn −→ ξ and

b) ψµ(zn)

log |zn| −→
∫

D Pw(ξ)dµ(w),

as n→∞.

Proof. Again, without loss of generality, we assume that ξ = 1. Let

{zn}∞n=1 be any sequence in D such that zn −→ 1, as n → ∞. If

{un}∞n=1 and {vn}∞n=1 are sequences of positive functions on some set

B, then we define un(w) ∼ vn(w) to mean: un(w)
vn(w)

−→ 1 uniformly for

w in B, as n → ∞. With this notation in hand, choose s, 0 < s < 1,

and notice that if |w| ≤ s, then

log
∣∣∣ w−zn

1−znw

∣∣∣
log |zn|

∼
1−

∣∣∣ w−zn

1−znw

∣∣∣
1− |zn|

∼
1−

∣∣∣ w−zn

1−znw

∣∣∣2
2(1− |zn|)

=

(
|1− znw|2 − |w − zn|2

|1− znw|2

)
/2(1− |zn|)

=
(1 + |zn|)

2
·
(

1− |w|2

|1− znw|2

)
∼ 1− |w|2

|1− znw|2
−→ Pw(1),
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uniformly for |w| ≤ s, as n→∞. Applying Fatou’s Lemma we have:∫
D
Pw(1)dµ(w) ≤ lim inf

n→∞

ψµ(zn)

log |zn|
,

and furthermore,

(2.2.1)
1

log |zn|
·
∫
{|w|≤s}

log
∣∣∣ w−zn
1−wzn

∣∣∣dµ(w) −→
∫
{|w|≤s}

Pw(1)dµ(w),

as n→∞. Continuing, we let Sa(1) be a Stolz region (based at 1) and

choose r, 0 < r < 1. Assuming that
∫

D Pw(1)dµ(w) <∞, we can apply

Lemma 2.1 and find a sequence {zn}∞n=1 contained in Sa(1) such that

zn −→ 1 and

(2.2.2)
ψµ,r(zn)

log |zn|
−→ 0,

as n→∞. Moreover, if
∣∣∣ w−zn

1−znw

∣∣∣ ≥ r, then there are positive constants

c1, c2, and c3 (independent of w and n) such that

(2.2.3)
log
∣∣∣ w−zn

1−znw

∣∣∣
log |zn|

≤ c1 ·

(
1−

∣∣∣∣ w − zn
1− znw

∣∣∣∣2
)
/(1− |zn|)

≤ c2 ·
(

1− |w|2

|1− znw|2

)
≤ c3 · Pw(1).

And since
∫

D Pw(1)dµ(w) <∞, we have:∫
{s<|w|<1}

Pw(1)dµ(w) −→ 0,

as s→ 1. Putting this together with (2.2.1) - (2.2.3), we find that

ψµ(zn)

log |zn|
−→

∫
D
Pw(1)dµ(w),

as n→∞, for this sequence {zn}∞n=1 in Sa(1) given by Lemma 2.1. �

Discussion 2.3. Let Ω be a bounded Dirichlet region and let µ be

a finite, positive Borel measure with support in Ω. If h ∈ CR(∂Ω),

then, since Ω is a Dirichlet region, we can find a (unique) continuous
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extension ĥ of h to Ω such that ĥ is harmonic on Ω. By the Maximum

Principle,

h 7→
∫

Ω

ĥdµ

defines a positive, bounded linear functional on CR(∂Ω). The Riesz

Representation Theorem now provides a (unique) finite, positive Borel

measure µ̂ with support in ∂Ω such that∫
∂Ω

hdµ̂ =

∫
Ω

ĥdµ

for all h in CR(∂Ω). The measure µ̂ is called the sweep (or balayage) of µ

to ∂Ω; cf., [6]. Choosing h ≡ 1 in this equation shows that ||µ̂|| = ||µ||.

Decomposing µ as µ = µ0 + µ1, where µ0 := µ|Ω and µ1 := µ|∂Ω, we

find that µ̂ = µ̂0 + µ1, where µ̂0 � ω(·,Ω, α) – harmonic measure on

∂Ω for evaluation at some prescribed α in Ω. In fact, µ̂0 is given by

dµ̂0(ζ) = g(ζ)dω(ζ,Ω, α),

where g ∈ L1(ω(·,Ω, α)) and is defined by

g(ζ) :=

∫
Ω

dω(ζ,Ω,z)
dω(ζ,Ω,α)dµ0(z).

In the case Ω = D, µ is a finite, positive Borel measure with support

in D and α = 0, µ̂0 has the form

dµ̂0 = gdm,

where g ∈ L1(m) and is defined by

g(ξ) :=

∫
D
Pw(ξ)dµ0(w).

Since, in this case, g ∈ L1(m), our next result is an immediate conse-

quence of Theorem 2.2.
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Corollary 2.4. Let µ be a finite, positive Borel measure with support

in D. Then, for m-a.a. ξ in T, there is a sequence {zn}∞n=1 in D that

converges to ξ nontangentially such that

ψµ(zn)

log |zn|
−→

∫
D
Pw(ξ)dµ(w),

as n→∞.

Proposition 2.5. Let Ω be a Dirichlet subregion of D, suppose 0 ∈ Ω

and let ωΩ denote harmonic measure on ∂Ω for evaluation at 0. Then,

for m-a.a. ξ in T, ∫
D
Pw(ξ)dωΩ(w) +

dωΩ

dm
(ξ) = 1.

Proof. Since ωΩ is harmonic measure (on ∂Ω) for evaluation at 0, the

sweep of ωΩ to T is precisely m. This tells us that
∫

D Pw(ξ)dωΩ(w) +

dωΩ

dm
(ξ), which we know exists for m-a.a. ξ in T, is in fact 1 (a.e. m).

�

3. On Harmonic Measure

Let µ be a finite, positive Borel measure with compact support in C.

For z in C, we let pµ(z) denote the negative of the logarithmic potential

of µ at z, namely, ∫
log |w − z|dµ(w).

Let Ω be a Dirichlet subregion of D that contains 0 and let ωΩ denote

harmonic measure on ∂Ω for evaluation at 0. Then, for z in D,

ψωΩ
(z) :=

∫
∂Ω

log
∣∣∣ w−z1−zw

∣∣∣dωΩ(w)

= pωΩ
(z).

Furthermore, if z ∈ C\Ω, then w 7→ log
∣∣ w−z
1−zw

∣∣ is harmonic in Ω and so,

by a standard argument involving balayage (cf., [11]), pωΩ
(z) = log |z|.
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Indeed, pωΩ
is harmonic in Ω and has boundary values log |z|. There-

fore,

g(z,Ω, 0) := pωΩ
(z)− log |z|

is the Green’s function on Ω for evaluation at 0. The next result is a

consequence of the subharmonicity of w 7→ log |w − z| and the Maxi-

mum Principle.

Lemma 3.1. Let W be Dirichlet region such that 0 ∈ W ⊆ D. Then

log |z| < pωW
(z) for all z in W . Moreover, if V is any Dirich-

let region that contains 0 and that is properly contained in W , then

pωV
(z) < pωW

(z) for all z in W .

Once again, let Ω be a Dirichlet subregion of D that contains 0 and let

ωΩ denote harmonic measure on ∂Ω for evaluation at 0. For 0 < t < 1,

let Wt denote {z ∈ Ω : pωΩ
(z) > t · log |z|}. Clearly t · log |z| > log |z|

whenever 0 < |z| < 1 and, by Lemma 3.1, pωΩ
(z) > log |z| for all z

in Ω. Therefore, since pωΩ
is continuous (indeed, harmonic) in Ω, we

note that Wt is an open subset of Ω that contains 0. If Wt were not

connected, then it would have a component that does not contain 0

and, on that component, h(z) := pωΩ
(z)− t · log |z| would be positive,

bounded and harmonic, with zero boundary values – an impossibility.

Therefore, Wt is connected. If z ∈ D ∩ ∂Wt, then

pωΩ
(z) = t · log |z| > log |z|

and hence z ∈ Ω. From this and the fact that h is harmonic in Ω\{0},

we can apply the Minimum Principle and conclude that any component

of ∂Wt that is contained in D is necessarily much more than a singleton

set. It follows that Wt is a Dirichlet subregion of D. We let ωWt denote

harmonic measure on ∂Wt for evaluation at 0.
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Lemma 3.2. Maintaining the terminology of the above paragraph, if

E is a Borel subset of T and ωΩ(E) > 0, then there exists c, 0 < c < 1,

such that ωWc(E) > 0.

Proof. Since ωΩ(E) > 0, we can find a positive constant δ and a

compact subset F of E such that m(F ) > 0 and dωΩ

dm
(ξ) ≥ δ for all ξ in

F . Choose c so that 1 − δ < c < 1, and let Wc := {z ∈ Ω : pωΩ
(z) >

c · log |z|} – which we know is a Dirichlet subregion of D that contains

0. We let ωWc denote harmonic measure on ∂Wc for evaluation at 0.

Then, for z in D,

ψωWc
(z) :=

∫
log
∣∣∣ w−z1−zw

∣∣∣dωWc(w)

=

∫
log |w − z|dωWc(w) =: pωWc

(z).

If z ∈ D ∩ ∂Wc (= Ω ∩ ∂Wc), then

pωWc
(z) = log |z| = 1

c
· pωΩ

(z).

And these equalities still hold when z ∈ T ∩ ∂Wc, since, in this case,

all of these functions’ values are zero. Therefore, pωWc
and 1

c
· pωΩ

have

the same boundary values in Wc. Since both of these functions are

bounded and harmonic in Wc, we conclude that pωWc
≡ 1

c
· pωΩ

in Wc.

Now, by Theorem 2.2 and Proposition 2.5, for m-a.a. ξ in F , there is

a sequence {zn}∞n=1 in D that converges to ξ nontangentially such that

lim sup
n→∞

pωΩ
(zn)

log |zn|
= lim sup

n→∞

ψωΩ
(zn)

log |zn|
≤ 1− δ.

Thus, for any such ξ and for n sufficiently large, zn ∈ Wc. Since

pωWc
≡ 1

c
· pωΩ

in Wc, it follows that

lim sup
n→∞

ψωWc
(zn)

log |zn|
= lim sup

n→∞

pωWc
(zn)

log |zn|
≤ 1− δ

c
.
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So, by the first part of Theorem 2.2,∫
D
Pw(ξ)dωWc(w) ≤ 1− δ

c
< 1,

for m-a.a. ξ in F . Applying Proposition 2.5 once more, we obtain:

dωWc

dm
(ξ) ≥ 1− 1− δ

c
> 0

for m-a.a. ξ in F . And, since m(F ) > 0, we can now conclude that

0 < ωWc(F ) ≤ ωWc(E). �

In preparation for our next results we recall some standard notation.

If K is a compact subset of C, then {z ∈ C : |p(z)| ≤ ||p||K for all

polynomials p} is the so-called polynomially convex hull of K and is

denoted K̂ . So K̂ is K with its bounded holes filled-in. In the case

that Γ is a Jordan curve, Γ̂ is the closure of the Jordan region whose

boundary is Γ.

Theorem 3.3. Let {Γn}∞n=1 be a sequence of smooth Jordan curves

in D such that ˆΓk ∩ Γ̂l = ∅, whenever k 6= l, and such that any

compact subset of D has nonempty intersection with only finitely many

of the Γn′s. Then Ω := D \ (∪∞n=1
ˆΓn ) is a Dirichlet subregion of D

which we assume, without loss of generality, contains 0. Let ωΩ denote

harmonic measure on ∂Ω for evaluation at 0. If E is a Borel subset

of T and ωΩ(E) > 0, then there is a simply connected region G, where

0 ∈ G ⊆ D, ∂G ⊆ Ω ∪ T and ωG(E) > 0 such that U := Ω ∪G has the

property that ωΩ and ωU are boundedly equivalent on ∂U .

Proof. By Lemma 3.2, there exists c, 0 < c < 1, such that ωWc(E) > 0;

recall that Wc := {z ∈ Ω : pωΩ
(z) > c · log |z|}. Let G be the smallest

simply connected region that contains Wc. So, G is obtained from Wc

by filling in its “holes” – the bounded components of C \Wc. Notice
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that ∂G ⊆ ∂Wc ⊆ Ω ∪ T. Since T ∩ ∂G = T ∩ ∂Wc, Wc ⊆ G and

ωWc(T) > 0, it follows that ωG(T) > 0. We let U denote the Dirichlet

region Ω∪G. If ξ ∈ T∩∂G, then we can find a sequence {zn}∞n=1 in Wc

such that ξ = limn→∞ zn; again, since T ∩ ∂G = T ∩ ∂Wc. And since

{zn}∞n=1 ⊆ Wc, we have:

c · log |zn| < pωΩ
(zn) = ψωΩ

(zn)

and hence,

ψωΩ
(zn)

log |zn|
< c

for all n. The first part of Theorem 2.2 now tells us that

∫
Pw(ξ)dωΩ(w) ≤ c < 1,

and this holds for all ξ in T ∩ ∂G. By Proposition 2.5, we conclude

that dωΩ

dm
(ξ) > 1 − c for m - a.a ξ in T ∩ ∂G. And, by the Maximum

Principle, ωU |T ≤ m. It now follows that ωU and ωΩ are boundedly

equivalent on T∩∂G. What remains to be shown is that these harmonic

measures are boundedly equivalent elsewhere on ∂U ; and “elsewhere”

consists of ∂U \ G. To this end we let Ωn (for n = 1, 2, 3, ...) denote

the finitely connected region D \ (∪nk=1
ˆΓk ) and let Un denote Ωn ∪G.

Clearly, Ω ⊆ Ωn for all n and Ω = ∩∞n=1Ωn. Hence, by Lemma 3.1,

pωΩn
(z) ≥ pωΩ

(z) for all z in Ω, and all n. Since pωΩ
(z) ≥ c · log |z| for

all z in Ω ∩ ∂G (= D ∩ ∂G) we find that, for such z,

g(z,Ωn, 0) := pωΩn
(z)− log |z| ≥ (c− 1) log |z|.
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Since log |z| ≤ pωUn
(z) ≤ 0 for all z in C, we now have:

g(z, Un, 0) := pωUn
(z)− log |z|

≤ − log |z|

≤ 1

1− c
· g(z,Ωn, 0),

for all z in D ∩ ∂G (and n = 1, 2, 3, ...). Moreover, g(ζ,Ωn, 0) =

g(ζ, Un, 0) = 0 for all ζ in ∂Un. Putting these things together, we

find that the boundary values of 1
1−c · g(z,Ωn, 0) dominate the bound-

ary values of g(z, Un, 0) on each component of Ωn \ G, where each of

these functions are harmonic. Therefore,

g(z, Un, 0) ≤ 1

1− c
· g(z,Ωn, 0),

for all z in Ωn \ G. Since Ωn and Un are finitely connected and have

smooth boundary components, the harmonic measures on the bound-

aries of each for evaluation at 0 are weighted arc-length measures,

where the weights are the inward normal derivatives of their respec-

tive Green’s functions (for evaluation at 0). Therefore,

ωUn ≤
1

1− c
· ωΩn

on ∂Un \G, for n = 1, 2, 3, ... . From this it follows that

ωU ≤
1

1− c
· ωΩ

on ∂U \G. Clearly Ω ⊆ U and so, by the Maximum Principle, ωΩ ≤ ωU

on ∂U . Our proof is now complete. �

Let Ω be a Dirichlet region. For any (fixed) z in Ω, let ω(·,Ω, z)

denote harmonic measure on ∂Ω for evaluation at z. If 0 ∈ Ω, then

we let ωΩ(·) denote ω(·,Ω, 0). Notice that, by Harnack’s Inequality, for
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any pair of points z and w in Ω, ω(·,Ω, z) and ω(·,Ω, w) are boundedly

equivalent measures on ∂Ω.

Lemma 3.4. Let Ω be a Dirichlet subregion of D, let E be a Borel

subset of T and define hE on D by

hE(z) =

 ω(E,Ω, z) if z ∈ Ω

0 if z ∈ D \ Ω .

Then hE is continuous on D.

Proof. Let hn be a sequence of functions that are continuous on Ω and

harmonic in Ω such that 0 ≤ hn ≤ 1 (on Ω), hn −→ 0 uniformly on

compact subsets of D ∩ ∂Ω and hn −→ χE a.e. m on T (as n → ∞).

Then hn converges uniformly on compact subsets of D∩Ω (as n→∞)

and the limit there is necessarily hE. This tells us that hE is continuous

on D∩Ω. Since hE is identically zero on D∩ ∂Ω, we find that hE is in

fact continuous on D. �

Proposition 3.5. Let Ω be a Dirichlet region such that 0 ∈ Ω ⊆ D,

let F be a compact subset of T and suppose that ωΩ(F ) > 0. For

0 < t < ωΩ(F ), let Vt be the component of {z ∈ Ω : ω(F,Ω, z) > t}

that contains 0. Then Vt is itself a Dirichlet region, T ∩ ∂Vt ⊆ F and

ωVt(F ) > 0.

Proof. By the continuity of z 7→ ω(F,Ω, z) in Ω, Vt is a (nonempty)

subregion of Ω. Let V ∗
t be the smallest simply connected region that

contains Vt – obtained from Vt by filling in its “holes”. And we define

a hole in Vt to be a bounded component of C \ Vt. To establish that Vt

is a Dirichlet region, it is sufficient to show that each hole in Vt is more
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than a singleton set. Let K be such a hole and let hF be as defined in

Lemma 3.4. Since hF is positive and harmonic in Ω, by the Minimum

Principle, K cannot be contained in Ω. So, K must contain some point

z0 in D \ Ω; wherefore, hF (z0) = 0. Yet, by the continuity of hF in

D (cf., Lemma 3.4), K necessarily contains at least one point z′ such

that hF (z′) = t (> 0). We conclude that K is not a singleton set and

indeed that Vt is a Dirichlet region. Let ωVt denote harmonic measure

on ∂Vt for evaluation at 0. Notice that z 7→ ω(T,Ω, z)− t is bounded,

positive and harmonic in Vt and, by Lemma 3.4, is identically zero on

D ∩ ∂Vt. This tells us that ωVt(T) > 0. To establish that T ∩ ∂Vt ⊆ F

we argue indirectly and suppose, to the contrary, that there exists ζ0

in T \ F such that ζ0 ∈ ∂Vt. Then we can find a sequence {zn}∞n=1 in

Vt such that zn −→ ζ0, as n→∞. So, by the Maximum Principle,∫
F

Pzn(ζ)dm(ζ) = ω(F,D, zn)

≥ ω(F, Vt, zn) > t > 0

for all n. But since F is a compact subset of T, ζ0 6∈ F and zn −→ ζ0

(as n → ∞), it follows that Pzn(ζ) −→ 0 uniformly for ζ in F , as

n→∞. And so, necessarily,
∫
F
Pzn(ζ)dm(ζ) −→ 0, as n→∞; which

gives us a contradiction. Hence, T ∩ ∂Vt ⊆ F . �
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Our next theorem is the main result of the paper.

Theorem 3.6. Let Ω be a Dirichlet region such that 0 ∈ Ω ⊆ D and

let E be a Borel subset of T. If ωΩ(E) > 0, then there is a simply

connected region G, where 0 ∈ G ⊆ D, ∂G ⊆ Ω ∪ E and ωG(E) > 0

such that U := Ω ∪ G has the property that ωΩ and ωU are boundedly

equivalent on ∂U .

Proof. Let Ω∗ be the smallest simply connected region that contains

Ω – obtained from Ω by filling in its holes – and let ϕ be a conformal

mapping from Ω∗ onto D such that ϕ(0) = 0. If we establish this

theorem for ϕ(Ω) in place of Ω, then we can carry over the result (under

ϕ−1 and its boundary values) to the setting of Ω. So, we may assume

from the outset that Ω∗ = D. Now, since ωΩ(E) > 0, we can find a

positive constant δ and a compact subset F of E such that ωΩ(F ) > 0

and dωΩ

dm
(ζ) ≥ δ > 0 for all ζ in F . For 0 < t < ωΩ(F ), let Vt and V ∗

t

be defined as in Proposition 3.5 and its proof. By Proposition 3.5, Vt

is itself a Dirichlet region, T ∩ ∂V ∗
t = T ∩ ∂Vt ⊆ F and ωVt(F ) > 0.

Let K be a hole in Vt; that is, a bounded component of C \ Vt. As

we observed in the proof of Proposition 3.5, K necessarily contains a

nontrivial part of D ∩ ∂Ω. Let hF be as defined in Lemma 3.4. Since

hF is continuous on D (cf., Lemma 3.4), hF (z) = t for all z in ∂K.

Therefore, since hF ≡ 0 on D∩ ∂Ω, it follows that K ∩ ∂Ω ⊆ K0 – the

interior of K. Let O be a nonempty component of K0. Then ∂O ⊆ ∂K

and hence hF (z) = t for all z in ∂O. If O ⊆ Ω, then we can apply the

Minimum and Maximum Principles and find that ω(F,Ω, z) = t for all

z in O. And from this we can infer that ω(F,Ω, z) ≡ t in Ω; which is

not possible. So O must contain a nontrivial part of ∂Ω and O ∩ ∂Ω is
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necessarily compact; let C = O ∩ ∂Ω. Notice that hF ≡ 0 on Ĉ – the

polynomially convex hull of C. Therefore, Ĉ is a compact subset of

O and hence the distance between Ĉ and ∂O is positive. By standard

methods (c.f., [5], the proof of Proposition 1.1 in Chapter VIII) we can

find finitely many smooth Jordan curves Γ1,Γ2, ...,Γn in O ∩ Ω such

that

a) Ĉ ⊆
⋃n
k=1 inside(Γk),

b) distance(z, C) < distance(z, ∂O) for any z in
⋃n
k=1 Γk, and

c) distance(Γ̂k, Γ̂l) ≥ 1
3
· distance(Ĉ , ∂O), whenever k 6= l.

Repeat this for each of the components of K0. Notice that K0 can

have only finitely many components since hF is uniformly continuous

on compact subsets of D (cf., Lemma 3.4). And since each hole in

Vt has nonempty interior, Vt can have at most countably many holes.

Continue this process for each hole in Vt and thus obtain a collection

of smooth Jordan curves {Γη}η – at most countably many in all – such

that

1) V ∗
t ∩ ∂Ω ⊆

⋃
η inside(Γη),

2) Γ̂η1 ∩ Γ̂η2 = ∅, whenever η1 6= η2, and

3) Every Γ̂η is contained in some hole in Vt.

Furthermore, on any compact subset of D, there is a positive lower

bound on the distance between any pair of these curves; again, as a

consequence of Lemma 3.4 and our construction per hole. Therefore,

Λ := V ∗
t \ (

⋃
η Γ̂η) is a Dirichlet region, and Vt ⊆ Λ ⊆ V ∗

t . So, by the

Maximum Principle, ωΛ(F ) > 0. Let ψ be a conformal mapping from

V ∗
t onto D such that ψ(0) = 0 and let D = ψ(Λ). Notice that D is a

region of the type given in the statement of Theorem 3.3. Moreover,

under the nontangential boundary values of ψ−1, which we denote by
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ψ̃−1, we can find a compact subset J of T such that ωD(J) > 0 and

ψ̃−1(J) ⊆ F . We now apply the proof of Theorem 3.3 in this setting of

D and J to find a constant c (0 < c < 1) and a simply connected region

S such that 0 ∈ S ⊆ D, ∂S ⊆ D∪T, ωS(J) > 0 and pD(w) ≥ c · log |w|

for all w in D ∩ ∂S. Carrying this over under ψ−1, we have a simply

connected region G such that 0 ∈ G ⊆ D, ∂G ⊆ Ω∪E, ωG(E) > 0 and

pΛ(z) ≥ c · log |z| for all z in Ω ∩ ∂G. We now build a generic region,

of the type described in Theorem 3.3, that contains Λ and is contained

in Ω. First we note that D ∩ ∂Ω ⊆ D \ Λ, and that any component of

D ∩ ∂Ω has positive distance to Λ. And recall that Ω∗ = D. So, using

the absolute continuity of hF on compact subsets of D, we can find at

most countably many smooth Jordan curves σ := {γn}n in D \ Λ such

that

i) γ̂n ∩ γ̂m = ∅ if m 6= n,

ii) any compact subset of D intersects only finitely many γn′s and

iii) Ωσ := D \ (∪nγ̂n) contains Λ and is contained in Ω.

Therefore, Ωσ is itself a Dirichlet region and, by Lemma 3.1,

pΩσ(z) ≥ c · log |z| for all z in ∂G. Hence, if Uσ := G ∪ Ωσ and

M := max(1
δ
, 1

1−c), then, by the proof of Theorem 3.3 (and the Maxi-

mum Principle),

ωΩσ ≤ ωUσ ≤M · ωΩσ

on ∂Uσ. Since c is independent of σ, our goal follows (cf., notes on

balayage in [11]). Indeed, if U := G ∪ Ω, then

ωΩ ≤ ωU ≤M · ωΩ

on ∂U . �
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Remark 3.7. Let µ be a finite, positive Borel measure with sup-

port in D such that P t(µ) – the closure of the polynomials in Lt(µ)

(1 ≤ t < ∞) – is irreducible; that is, P t(µ) contains no nontriv-

ial characteristic functions. Consequences of this assumption are that

every function f in P t(µ) has an analytic continuation f̂ to D and

µ|T � m. If µ(T) > 0, then A. Aleman, S. Richter and C. Sundberg

have recently shown that dim(M/zM) = 1 for each nontrivial, closed

invariant subspace M for the shift on P t(µ). In the process they also

show that if f ∈ P t(µ), then f̂ has nontangential boundary values a.e.

µ|T that agree with f ; cf., [3]. If µ is a Jensen measure on D and every

function f in P t(µ) has an analytic continuation to D, then it follows

that P t(µ) is irreducible. And therefore, in this case, if µ(T) > 0, then

[3] applies. Since harmonic measure on a Dirichlet subregion Ω of D is

a Jensen measure, [3] speaks to the context of this paper. We observe

that Theorem 3.6 (in this paper) gives an alternate proof of the result

of [3] in the special case that ωΩ is harmonic measure on the bound-

ary of some Dirichlet region Ω, where Ω ⊆ D, ωΩ(T) > 0 and every

function f in P t(ωΩ) has an analytic continuation to D. Indeed, by

Theorem 3.6, if E is any Borel subset of T and ωΩ(E) > 0, then there

is a simply connected region G, where 0 ∈ G ⊆ D, ∂G ⊆ Ω ∪ E and

ωG(E) > 0 such that the mapping,

f 7→ f̂ |G

is a bounded operator from P t(ωΩ) into the Hardy space H t(G); in the

terminology of [2], ωΩ is strongly inscribed. Nevertheless, the primary

import of Theorem 3.6 is potential theoretic in nature and gives much

more information than is needed for this application concerning the

index of the shift. We mention another application in the context of
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so-called champagne subregions ; cf., [7], [9] and [1]. A consequence of

[7], Theorem 1 is that, if Ω is a champagne subregion of D (with certain

restrictions on the spacing and size of the bubbles) and if ωΩ(T) > 0,

then the distribution of ωΩ on any bubble is basically is independent of

its distribution on the other bubbles and hence one can remove large

quantities of bubbles without effectively changing the distribution of

ωΩ on the remaining bubbles, or on T. The restrictions (in [7]) on the

bubbles of Ω force the result to be global in nature. Theorem 3.6 shows

that, even in the most general setting, a local result still holds.
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