PS 4 

1)  For each of the following production functions and sets of input prices find the equation for total cost, returns to scale, and the slope of ATC.  (You should have 8 pairs of production functions and prices)

	Production Functions
	Factor Prices

	f(L,K)=L2/3K1/2
	w=5,v=2

	f(L,K)=L1/3K1/2
	w=3,v=4

	f(L,K)=min(3L,5K)
	

	f(L,K)=3L+5K
	


For the Cobb-Douglas problem we can work out the general case where 

f(L,K)=LaKb and leave the prices as w and v.  The RTS =aK/bL, so the optimal condition is aK/bL=w/v or K=(bwL)/(av).  So q=La((bwL)/(av))b =La+b((bw)/(av))b.  

Therefore L=q1/(a+b) ((bw)/(av))-b/(a+b) and K= q1/(a+b) ((bw)/(av))-b/(a+b) *(bw)/(av)

= q1/(a+b) ((bw)/(av))a/(a+b).  Total Cost =wL+vK= w q1/(a+b) ((bw)/(av))-b/(a+b) +v q1/(a+b) ((bw)/(av))a/(a+b)= q1/(a+b) [w((bw)/(av))-b/(a+b) +v ((bw)/(av))a/(a+b)].  
Therefore, ATC= q1/(a+b) [w((bw)/(av))-b/(a+b) +v ((bw)/(av))a/(a+b)]/q 
= q(1-a-b)/(a+b) [w((bw)/(av))-b/(a+b) +v ((bw)/(av))a/(a+b)].  And the slope of ATC is dATC/dq= (1-a-b)/(a+b)*q(1-2a-2b)/(a+b) [w((bw)/(av))-b/(a+b) +v ((bw)/(av))a/(a+b)].  The sign of the slope depends on the value of (1-a-b) as every other terms is positive.  (1-a-b) is negative when a+b>1 which is exactly when the production function has increasing returns to scale.  The expression is positive when there are decreasing returns to scale (ie. a+b<1) and the slope is zero when we have constant returns to scale.  Keep in mind that we are assuming that a, b > 0.  To check returns to scale we only need to compare 2*f(1,1) and f(2,2) or 2 and 2a+b.  For increasing returns we need 2< 2a+b .Taking the log of both sides gives us ln 2 < (a+b) ln 2 and dividing by ln 2 gives 1 < a+b.  

So for example f(L,K)=L2/3K1/2, w=5,and v=2 we have ATC= q(1-2/3-1/2)/(2/3+1/2) [5((5/2)/(2*2/3))-(1/2)/(2/3+1/2) +2 ((5/2)/(2*2/3))(2/3)/(2/3+1/2)]= 6.68q-1/7.  Since 2/3+1/2=7/6>1 this has increasing returns to scale and the slope of ATC is negative.    
For the min production function the optimal input bundle should have 3L=5K.  Output is given by q=min(3L,5K) or q=min(3L,3L)=3L.  So L=q/3 and K=3L/5=q/5.  The total cost is wL+vk.  For the first set of prices we have TC=5*q/3+2*q/5=q*(5/3+2/5)=31q/15.  ATC=31/15 and dATC/dq=0.  For the second set of prices we have TC= 3*q/3+4*q/5=q*(1+4/5)=1.8q.  ATC=1.8 and the slope of ATC=0.  To look at the returns to scale note that f(1,1)=3 while f(2,2)=6.  So doubling inputs doubles output and we have constant returns to scale.  

In the linear case we know that the firm will use only one input.  To determine which one we compare MPL/w and MPK/v.  For the first set of prices MPL/W=3/5 and MPK/V=5/2.  So the firm should use only K.  Hence q=5K or K=q/5.  TC= 2*q/5.  ATC=2/5 and the slope of ATC =0.  For the second set of prices we compare 3/3 and 5/4.  It is still the case that the firm should all K so we have K=q/5 and the TC= 4q/5.  ATC=4/5 and the slope of ATC =0.  To see that this has constant returns to scale compare 2*(3*1+5*1) and 3*2+5*2.  Since these are the same we have constant returns to scale.  
2)  With $90 what is the maximum output a firm could produce if the production function is given by f(L,K)= L1K1/2 and w=6 and v=10?  
This problem is similar to what we did initially on the consumer side.  At the optimal bundle RTS=w/v or 2K/L=6/10.  So optimally K=3L/10.  The firm has 90 to spend so 90=wL+vk=6L+10*3L/10=9L.  Thus L=10 and K=3.  Thus the output will be 10*31/2.  
