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Abstract

Let p:C — R be a subharmonic, nonharmonic polynomial and 7 € R a parameter. Define Z, p= d% +

T g—g, a closed, densely-defined operator on L2((C). If Orp = Zs p Zi‘p and t > 0, we solve the heat equation
?)_‘; +0¢pu=0,u(0,z) = f(z),0n (0, 00) x C. The solution comes via the heat semigroup e —* Urp, and we
show that u(s, z) = e 5P [f](z) = f(C Hep(s,z, w) f(w)dw. We prove that Hyp is C°° off the diagonal
{(s,z, w): s =0and z = w} and that Hrp and its derivatives have exponential decay. In particular, we give
new estimates for the long time behavior of the heat equation.
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1. Introduction

Let p:C — R be a subharmonic, nonharmonic polynomial and T € R a parameter. If z =

X1 +ixp and % = %(% +i%), define ZT[, to be the operator
- d ap
Zip=—+T17—,
PTez ez
and let Z;) = —Z;‘p = a% - rg—lz’ be the negative of the formal L2-adjoint of Z;p. If O, =

—Z+pZ+p, then our goal is to understand the heat equation:
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ds ey

{ a_u +Drpu =O,
u(0,z) = f(2).

We show that the solution u(s, z) of (1) can be realized as an integral against a distributional
kernel. Specifically, we will find a solution to (1) of the form:

u(s,z)= / Hp(s, z, w) f(w) dw,
C

and our goal is to understand the regularity and pointwise bounds of H:, and its derivatives.
We show that the heat kernel Hyj (s, z, w) is smooth away from the diagonal {(s, z, w): s =0,
z = w} and our main result is as follows.

Theorem 1. Let p be a subharmonic, nonharmonic polynomial and t > 0 a parameter. If n > 0

and Y is a product of |«| operators Y = pr or Z:p when acting in z and (Z.p) or (Z,p) when
acting in w, there exist constants c, c1 > 0 independent of T so that

o 1 N ] A S S S S
P nY"‘ Hyp(s, z, w)| < ﬁ TR e mal/nte uwl/n?
}’l+§ al+

Also, ¢ can be taken with no dependence on n and «.

u(z,8) is a size function from the Carnot—Carathéodory geometry on polynomial models
defined in Section 2. As discussed below, in light of the work of Kurata [11], we give new
estimates for the long time behavior of H;),. The smoothness of H, is expected from the work
of Nagel and Stein [14] and Christ [4], though the estimates for the derivatives of H;), are new.
Moreover, as a consequence of [4,14] and Fu and Straube [8], we expect the results on the heat
equation to have applications to partial differential equations in several complex variables. In
fact, we do obtain such applications which we now describe.

The operators Z,p and O¢p arise in both problems in one complex variable and several
complex variables. As detailed below, er is a natural operator to consider when studying the
weighted d-equation in C and the 3,-problem on polynomial models in C2. Also, it turns out that
the eigenvalues of O, as n — oo are important to understand the compactness of d-Neumann
operator on certain classes of Hartogs domains in C2.

1.1. 3 on weighted L4 spaces in C

The interest in the weighted d-problem in C begins with Hérmander’s solution of the in-
homogeneous Cauchy—Riemann equations on pseudoconvex domains in C* [10]. A crucial
estimate in Hormander’s work is that for 2 C C with diam(£2) < 1, there is a solution u
to du = f in L%(£2, e 2P) satisfying the estimate f lul2e 2P dz < f | f12e~2P dz. Fornass
and Sibony [7] generalize Hormander’s weighted L? estimate to L7, 1 < ¢ < 2. They show
du = f has a solution satisfying (/, [u|7e™2P dz)!/7 < C < ([, |f|‘1e_2sz)1/‘1 They also
show that the estimate fails if ¢ > 2. Berndtsson [1] bu1lds on the work of Fornass and Sibony
by showing an L9—-L! result. He shows that if 1 < q < 2, then ou = f has a solution so that
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(f9(|u|2e_1’)‘1 dz)/1 <, Jo | fle™P dz. Berndtsson also proves a weighted L®—L4 estimate
when g > 2.

In [4], Christ recognizes that it is possible to study the 3- problem in L%(C,e™%P) by working
with a related operator in the unweighted space L%*(C). If 9 = f and both i = ePu and f =
eP f are in L?(C, e~2P), then a—’; =fse I’iepu = f. However, e l’%el’u = Zpu so the
0- -problem on LZ(C e~2P) is equivalent to the Z -problem, Z u= f on L?(C). Christ solves
the Z -equation, Z,u = f, in L?*(C). Christ proves that G p= D !'is a well-defined, bounded,

linear operator on L2((C) R, =Z,G is the relative fundamental solution of Z p» i.e. the op-
erator R, satisfies Z Rf = — Sp) f where S, is the projection of L?(C) onto the kerZ
He shows that G, and R, can be realized as fractional integral operators with kernels G, (z, w)
and R, (z, w), respectively, and he finds pointwise upper bounds on the kernels G ,(z, w) and
Rp(z, w).

Berndtsson [3] also solves Z pu = f for p subharmonic, but Berndtsson solves the prob-
lem on L?(£2) where £2 C C is a smoothly bounded domain. Like Christ, he expresses his
L?-minimizing solution via a fractional integral operator, though unlike Christ, his analy-
sis is derived through functional analysis and a careful study of Kato’s inequality: Alx| >
Apla| — 4|0pa| where o € C 2(£2). Berndtsson views O p as a Schrodinger operator. Specifi-
cally, if z = x| + ix2, then

1
20, = 5(—iV—a)2+ v,

where a = (—a—fz W) and V = lAp. Expressed in this form, 20, is said to be a Schrodinger
operator with magnetic potential a and electric potential V. We use this representation of O, in

the proof of Theorem 25.
1.2. Polynomial models and Hartogs domains in C?

Now that we have established the connection between the weighted d-equation in C and the
operators Z p and Z,, we now turn to the study of dp-problem on polynomial models in C2 and
their connection with the operators Z,, and Z,. A polynomial model M, is the boundary of
the unbounded weakly pseudoconvex domain £2, = {(z1, z2) € C2: Imzy > p(z1)} where pis a
subharmonic, nonharmonic polynomial. Observe that the boundary M, = C x R and the (0, 1)-

form 3, can be identified with the vector field L = F —2i aa Z a?

(defined on M) becomes the vector field (still called L by an abuse of notation)

Under the isomorphism, 9

defined on C x R. There are a number of approaches that one can take to study the L-problem.
One is to take a partial Fourier transform in ¢ because L is translation invariant. Under the
partial Fourier transform, the vector field L becomes Z,p = a% + Tg—g, which we regard as a
one-parameter family of differential operators on C indexed by t. Thus, questions about the
dp-complex on M are closely connected with the d-equation on weighted L2-spaces in C.

To analyze operators on Hartogs domains in C”, mathematicians have recognized that it is
often enough to understand weighted operators on the base space and reconstruct the original
operator via Fourier series [2,7,12]. Recently, on a class of Hartogs domains £2 C C2, Fu and
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Straube [8,9] establish an equivalence between the compactness of the 3-Neumann operator and
the blowup of the minimal eigenvalue of O, as T — o0o. Christ and Fu [5] use the work of Fu
and Straube to show the equivalence of: compactness of the solving operator of the d-Neumann
Laplacian, compactness of the solving operator of Kohn Laplacian O, and bS2 satisfying prop-
erty (P).

1.3. Heat semigroups and heat kernels

Like Christ, we are interested in inverting O, = —Zf,, Z:p. For an alternative to Christ’s
approach, we can look at the heat semigroup e~ U+ and integrate in s. Formally, u = ¢S B[ f]
solves the heat equation (1) and inverts O, since

o0
[ e ds=0;) )
0

and u(0, z) = e 0 [ f1(z) = f(2).

On M, Nagel and Stein [14] investigate the heat semigroup e P to solve the heat equation
% + Opu = 0, with initial condition u(0, a) = f(a). Their goal is to use estimates of the heat
semigroup on M = C x R to understand 0, in a product setting [15]. Nagel and Stein define
e300 with the spectral theorem use the Riesz Representation Theorem to write e 574 [ f](a) =
fCXR H(s,a,B)f(B)dB. H is a distributional kernel with a nonintegrable singularity when
s =0and ¢ = B, and H is smooth off of the diagonal. They also obtain pointwise estimates on
H (s, a, B) and its derivatives. A fundamental tool in their argument is the class of nonisotropic
smoothing (NIS) operators [14,18].

A motivation for this work is to solve the problem of Christ, i.e. invert O;, and find pointwise
estimates on G, (z, {), using the heat semigroup e™* Bzp method and (2). In addition, under-
standing the heat equation (1) is an interesting question in its own right. We follow the ideas of
[14] to prove the existence and regularity of H;,. Our substitution for their NIS operators are
the one-parameter families (OPF) of operators defined in [19]. There is an obstruction, however,
to using the techniques of Nagel and Stein in this setting. Due to the partial Fourier transform,
it appears that we cannot scale in the transformed variable. Losing the ability to scale in any
variable dooms the scaling argument of Nagel and Stein. We find other techniques which allow
us to bound the heat kernel and its derivatives with better decay than the scaling argument would
have given.

1.4. Discussion of Theorem 1

The proof of Theorem 1 has two steps. First, we show that e B is an integral operator with
kernel Hqp (s, z, w) that is smooth away from {(s, z, w): z = w and s = 0}. To do this, we use
the ideas of [14] to develop properties of OPF operators defined in [19]. From there, still follow-
ing [14], we use the spectral theorem and L2-methods to prove smoothness of Hzp (s, z, w).

The second step of our analysis is to prove pointwise estimates of Hz, (s, z, w) and its deriv-
atives. This is the content of Theorem 1, and the proof has two stages. In the first stage, we write
2O¢p as a Schrodinger operator, similarly to Berndtsson [3]. We use the Feynman—Kac-Itd for-
mula [24] to show Gaussian decay for Hi, (s, z, w). We show the time decay of Hyy(s, z, w)
with an Lz-energy argument.
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The goal of the second stage is to prove pointwise bounds on the derivatives 5’—:,1 YOHy (s, 2, w).

The idea is to prove a local L2-bound for d 7Y% Hy), (s, z, w) and its derivatives and pass to a
local L*°-bound using either a Sobolev embeddmg-type result, Theorem 13, or the subsolution
estimation from Kurata [11, Lemma 27]. The arguments rely heavily on OPF operators and their
ability to commute with derivatives.

Kurata studies heat kernels in R” for Schrodinger operators of the form L = (—iV —a)? 4+ V
whereae Cland V e L loc (R™), V > 0. His conditions on a and V are more general than what

we consider, and he proves continuity of the heat kernel. If deg p = 2m, Kurata shows the bound
li—w 2 1/2m
|Hp(s,z, w)| < %e‘cz s e C3(M< ‘/f>2) , a weaker result than ours. The proof of Theorem 1

exploits the specific structure of O;, and does not seem to generalize to Kurata’s more general
operators.

By integrating in s, the pointwise estimates on H;p(s, z, w) allow us to recover estimates
on the fundamental solution of O;, and compare our work to Christ [4]. If G¢p(z, w) is the
fundamental solution to O, we prove the following result.

Corollary 2. Let G,(z, w) be the integral kernel of the fundamental solution for Orp. If X% is

a product of |a| operators of the form X/ = pr, Z+p if acting in z and (pr), (Z<p) if acting
in w, then there exists constants Cy ||, C2 > 0 so that if T > 0,

log(2C:L/0), |z —wl < p(z 1), lal =0,
|XGrp(z. w)| < Cr |z —w|7ll, e —wl<u(z 7)ol > 1,

lz—w| lz—w|

n(z1/7) o -G 2% (w,1/7) |
w(z,1/7)ll ’

—C
62

z—wl>u(z. 1)
Also, Cy does not depend on «.
Near the diagonal, the estimates of Corollary 2 agree with the bounds of X*“G ,(z, w) com-

puted by Christ. Away from the diagonal, the bounds of Christ are governed by a metric
equivalent to dp? = ds?* where ds is the Euclidean metric. Christ shows that for some e,

u(, 1)2
| X“Gp(z, w)| S u(z, 1)~lele=€P@w) \when |z — w| > u(z, 1). As shown in Appendix A, in the
cases that the author can compute, the two estimates agree. It would be interesting to determine
under what circumstances the two estimates agree or disagree.

In R", n > 3, Shen [23] obtains estimates for the decay of the fundamental solution of
—A + V, V is a nonnegative Radon measure. Interestingly, his estimates are sharp even though
they are higher dimensional versions of Christ’s estimates which are not sharp. This signi-
fies there is additional structure in the special relationship between a and V in the magnetic
Schrodinger operator O¢p.

Once we have estimates for all T € R, estimates on H, (s, z, w) will have many applications
to questions in several complex variables. Pointwise estimates for H, (s, z, w) and its derivatives
when t < 0 is the subject of [20]. A difficulty lies in the fact that techniques from parabolic oper-
ator theory and quantum mechanics do not seem to work. In the Schrédinger operator represen-
tation, 2 0¢p = %(—i VvV — a)2 + V, V <0, and unbounded. Writing O, as a parabolic operator,
this means the unbounded Oth order term may not be positive. We plan to use our estimates of
Hzp(s, z, w) to prove exponential decay for the heat kernel of [14], an improvement of the rapid
decay shown by Nagel and Stein. We also hope to use the OPF operator and heat kernel results
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to build on the work of [16] by proving pointwise estimates on the heat kernel on the boundary
of decoupled domains in C", i.e. domains of the form 2 = {(z1, ..., z,): Imz, < Z;’;% pi(zj)}
where p; are nonharmonic, subharmonic polynomials.

2. Notation and definitions
2.1. Notation for operators on C

For the remainder of the paper, let p be a subharmonic, nonharmonic polynomial. It will be

important for us to write p centered around an arbitrary point z € C, and we set:
j+k
as, = L —BH_ b b4
TRkt 9z azk

(€)

We need the following functions two “size” functions to write down the size and cancellation
conditions for both OPF operators and NIS operators. Let

A 8) =) |a5 [ (4
jik=1
and
1/(j+k)
,8)= inf |— 5
n(z,d) j,lkn>1 = (5

A(z,68) and u(z,8) are geometric objects from the Carnot—Carathéodory geometry developed
by Nagel, Stein, and Wainger [13,17]. The functions also arise in the analysis of magnetic
Schrodinger operators with electric potentials [11,22,23]. It follows w(z, §) is an approximate
inverse to A(z, ). This means that if § > 0,

u(z, A(z,8)) ~8 and  A(z, u(z,8)) ~38.
We use the notation a < b if a < Cb where C is a constant that may depend on the dimension 2

and the degree of p. We say thata ~bifa Sband b <a.
Denote the “twist” at w, centered at z by

T(w,z):—zlm(zlaj—l.’(z)(w—z)f). (6)

S jloz/
=

Also associated to a polynomial p and the parameter T € R are the weighted differential operators

- ad ap _.,op d ap ap _
Z = — T— = T[?_T[?’ Z = — —T7— = w_— w
PET ez TR TC 5z T T T ¢
and
_ B] ap p _ G op ., 0p
W =— —1—=¢P—e7"P, W. =— 41— =e¢ P—¢".
YT 9w dw W YT dw T dw w
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Z,p, . and Z;, . arise naturally as described above. The need for W+, ,, and Wy, ,, is explained
below.

We think of t as fixed and the operators pr,z, Zip,zs er,w, and Wy, ,, as acting on functions
defined on C. Also, we will omit the variables z and w from subscripts when the application is
unambiguous. Observe that @ = Wfp and (Z,p) = Wzp. We let X and X denote the “real”
and “imaginary” parts of Z, that is,

X1 = Zopt Zep= = 4 iz P Xo=i(Zey — Zep) = —— — iz P
= =—+it—, =i - =— —itT—.
! s e dx 0x2 2 s s 0x2 dx
Analogously to X1 and X», define
U=Wep+ W O _ilp Up=i(Wep — Wep) O i lp
— = — —i7T—, =1 — = — I1T—.
! w i dx1 dx2 2 i i 0x2 0x1

We need to establish notation for adjoints. If T is an operator (either bounded or closed and
densely defined) on a Hilbert space with inner product (-,-), let 7* be the Hilbert space adjoint
of T. This means that if f € Dom7T and g € DomT*, then (Tf, g) = (f, T*g). If U is an
unbounded domain in some Euclidean space and T is an operator acting on CS°(U) or S(U) =
{9 € C®(U): ¢ has rapid decay}, then we denote T* as the adjoint in the sense of distributions.
This means if K is a distribution or a Schwartz distribution, then (T#K, ¢) = (K, Tp). Note that
if T is not R-valued, T* # T*. It follows easily that

pr = —W,p and pr =—Wzp.
Finally, let M, = /7T @9 L o=itTw.2),
2.2. Definition of OPF operators

We use the definition from [19]. We say that T is a one-parameter family (OPF) of operators
of order m with respect to the polynomial p if the following conditions hold:

(a) There is a function K; € C*°(((C x C) \ {z = w}) x (R\ {0})) so that for fixed 7, K; is a
distributional kernel, i.e. if ¢, Y € C2°(C) and supp ¢ Nsupp ¢ = @, then T [¢] € (C®) (C)
and

(Te[010), ¥)e = / / K+ (2 w)p(w)y () dw dz.

CxC

(b) There exists a family of functions K ¢ (z, w) € C°°(C x C x R) so thatif ¢ € C°(C x R),

K: clelexr(z, ) = / o(w, 1)K (z, w) dwdr
CxR

and lim¢_¢ Kr,e[‘ﬂ](Cx]R(Z) = K [¢lcxr(z) in (Cé’o)/((c x R).
All of the additional conditions are assumed to apply to the kernels K; ((z, w) uniformly
ine.
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Size estimates. If Ytjp is a product of |J| operators of the form Y7, = Zz, 2, Zzp 2, Wep w,

Wr,,,w, or My, where |J| ={+n and n = #{j: Y,jp = Myp}, for any k > O there exists a
constant Cy_, x so that

m<?2,
if Am=2,k>1, @)
m=2, lw—z|>p 1)

Copp lz—wm27¢

[7|" Tk Az, lw — z])k

¥ Ke ez w)| <

Also, if m =2 and |w — z| < u(z, T) then

2u(z,1/7)
M2, K e (zw)| < Gy {“’g( =y )» =0,

~ (8)
[z|™", n>l

Cancellation in w. If Yth is a product of | J | operators of the form Y,jp =Zps Z,p,z, Wepw,

Wpw, or My, where |J| =€ +n and n = #{j: Yrjp = M}, for any k > 0 there exists a
constant Cy , x and N so that for ¢ € CZ°(D(z0, 6)),

[ ¥xec w)w(w)dw‘

sup
zeC
C
82 (log(LEID) gl oo + 3 < 1< 81X @ (w) 1)
g% 8<u(z,;)andm_2 £=0, )
|T|n 8»178

WZ”KM(S' (B¢ p§0||L°°(<C) otherwise,

where Xgp is composed solely of Z;, and ZT,,. -
Cancellation in t. If X,Jp is a product of |J| operators of the form Xi,, =Zip,zs Lep,z OF
Wep,w» Wep,w and |J| = n, there exists a constant C,, so that

u(z, t +T(w,z))" ™"
"z t+Tw, )2+ T(w,z)|

/X{p(emK,,e(z, w))dr <C (10)

R

Adjoint. Properties (a)—(e) also hold for the adjoint operator 7. whose distribution kernel is
given by K ¢(w, 7).

The following results from [19] are essential tools in the proof of Theorem 1.

Theorem 3. If T; is an OPF operator of order O, then Ty, T} are bounded operators from L9 (C)
to L1(C), 1 < g < oo, with a constant independent of T but depending on q.

Theorem 4. Given a subharmonic, nonharmonic polynomial p:C — R, there is a one-to-one
correspondence between OPF operators of order m < 2 with respect to p and NIS operators of
order m < 2 on the polynomial model M, = {(z1, 22) € C?: Imzp = p(z21)}. The correspondence
is given by a partial Fourier transform in Re z5.
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There are multiple definitions of NIS operators (e.g. [14,18]). This equivalence is with the
definition in [18].

3. The heat equation and smoothness of the heat kernel

For the remainder of the work, we will primarily be concerned with inverting the “Laplace”
operator

Owp =—ZepZep

via the heat semigroup e~ U7, We assume that T > 0 and define the heat operator

0
pr:g—i_mrp.

Given a function f defined on C, we study the initial value problem of finding smooth
u: (0,00) x C— C so that

{pr[u](s,z)zo, s>0, zeC, an

limg_,ou(s,-) = f(-) with convergence in an appropriate norm.

Let « be a multi-index. We let X* be a product of || operators of the form X = X or X».
Similarly, U® is a product of || operators of the form U = U; or Us.

4. The heat semigroup e~* %= on L2(C)

We know that Z, p and Z;,, are closed, densely defined operators on L%(C). As in Nagel and
Stein [14], the spectral theorem for unbounded operators (see [21]) proves:

Theorem 5. O, is the infinitesimal generator of e * ", a strongly continuous semigroup of
bounded operators on L*>(C) for s > 0. For f € L*>(C), the following hold:

(@) limyolle™ "7 f — fll;2c) = 0;
(b) For s > 0, these operators are contractions, that is,

||e7‘y Drpf”LZ(C) < ”f”Lz((C)’
(c) For f € Dom(Oxp),
”e—s \:|Tpf _ f||L2(C) <s(1O¢p f||L2((C);

(d) Fors >0 and all j, Range(e™ ) C Dom(Dip). Also, Dip e 3B s a bounded operator
on L*(C) with

J

R e
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(e) Forany f € L*(C) and s > 0, the Hilbert space-valued function u(s) = e~* 9 f satisfies

(E)a_s + D,p>u(s) =0.

5. Regularity of the heat kernel

For each s > 0, define the bounded operator HTS[7 : L2((C) — LZ(C) by

Hy,[f1=e"*P[f].
Our main result on the existence and regularity of H;, (s, z, w) is the following theorem.

Theorem 6. Fix t > 0. There is a function Hy, € C*°((0, 00) x C x C) so that for all f € L%(©),

H;,[f1(2) = / Hep(s, z, w) f(w)dw. (12)
C

Moreover, for each fixed s > 0 and z € C, the function w — Hq,(s,z, w) is in LZ((C), so the
integral defined in (12) converges absolutely. Also,

(@) Hrp(s,z,w) = Hep(s,w, 2);
(b) For (s,z,w) € (0,00) x C x C,

d ad
(g + Drp,z) [Hepl(s,z,w) = (g + Dfp’w>[pr](S, zZ,w)=0;

(c) For any integers j, k >0,

#

' k j+k 4 \Jtk )
Otp,o(O7pw) Hep(s.2,w) = Ogpz Hep(s,zow) = (O7,,,)" Hep(s, 2, w);

(d) For all integers j and multi-indices «, B, the functions

A
w WXZ U, Hep(s, z, w)

are in L2(C) and there is a constant Cj,a,p SO that for R < R;;(2),

< Coz,ﬂ,js_#—j(l —|—s_1);

9/
H — XYULHp(s. 2, ) R
L2(C)

as/

(e) The conclusions of (d) hold with the roles of z and w interchanged.
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6. Properties of OPF operators
To prove Theorem 6, we need to establish properties of OPF operators. We follow the line of
argument for NIS operators in [14,18]. Since we are working with a fixed polynomial p, we omit

7p from subscripts when the application is clear.

Lemma 7. Let A; and By be order O OPF operators, and let X = X1 or X». There exist order 0
OPF operators Ay, Az, By and B so that

XA =A1X1 4+ A2 X>, B: X =X 1B + X2B>.

Proof. We know from results for NIS operators and Theorem 4 that X % + X % is invertible with
an inverse K that is an OPF operator smoothing of order 2. Thus, we can write

XA; = (XA K: X)X+ (XA K: X)X =A1 X1 + Ax X>.
A similar argument proves the result for B;. O

Corollary 8. Let A; and B; be order O OPF operators and o a multi-index where || =k > 1.
There exist finite sets I and J of multi-indices a;, |a;| =k, and B}, |Bj| =k, respectively, so that

XA, =Y AiX" = BX"=) XPB

a;jel o eJ
for some order 0 OPF operators A; and B;.
Proof. Induction. O

Let [n] denote the greatest integer less than or equal to n. The proofs of the following two
propositions are in [14].

Proposition 9. Ler o be a multi-index.

(a) If || is even, there exists an order 0 OPF operator A so that

|‘1|/2A

X% =0z, " A;.

(b) If |a| is odd, there exist order O OPF operators A1 and Aj so that
x* =0l (X141 + Xa47).

Proposition 10. Let o be a multi-index.

(a) If || is even, there exists an order O OPF operator By so that

X* =B, 05y
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(b) If |a| is odd, there exist order O OPF operators By and Bj so that
2
X" = Dggl/ (B X1 + B2X2);

(c) Alternatively, if || is odd and X* = XP X where X = X1 or X», then there exists an order
0 OPF operator By so that

x*=B.o0)*x.

Proposition 11. Let X = X| or X». There is a constant C so that if ¢ € C°(C), then for all
r>0

| X101 20y S C T @ll2e) + 77 el2))-
Proof. First, note that X* = —X. Using Proposition 10, we compute
2
| X101 2 ) = (XTol, XTe]) = =(X?[¢]. ¢) < |(Ar Deplel, 0)|
SC(P 100 el +r 00le). O
Corollary 12. Let o be a multi-index. There exists a constant C\y| so that if ¢ € CS°(C), then

(ol /2141
| X101 2y < Ca Y [T0100 12
j=0

Proof. Proof by induction. The base case is Proposition 11 and the inductive step is a repetition
of the argument in the proof of Proposition 11. O

We now prove the Sobolev type theorem.

Theorem 13. Let

1
R;y(x)= inf ————.
rp( ) k>0 |ra§k|1/(-’+k)

There is a constant C > 0 so that if f € C*°(C), ze Cand 0 < R < R, (2),

C
Jot]
Ds(gg?) 1< R |0§<:2R ’ ”XafH L2(D(z,2R))’

Also, if f € C®(C) N L?*(C), then

C
sup 1f1< 2 (1f l22o.2m) + B2 1T Fl20c.2m)-
D(z,R)
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Proof. Let f € C*°(C) and z € C. An application of Plancherel’s theorem shows

Sup |f(1)| S SR Z RMH D f(@2)| L2(D(z0.2R))" (13)
Dizo.R | <2

To pass from ordinary derivatives to products of Z;, and er, first observe that if |w — z| <
R < R¢p(2), then

aj+kp 1 5/ +k’ ' ,

=i — NkK'—k
"L' azjazk (w)' Z (] —]/)'(k k/)' 9z /8 i (z)(w Z) (w Z)

k’>k
9/ "tk ) c
J "+k
<R1+k2 ajak/()’ <Rj+k‘,
k’>k

where C does not depend on p or R. The proof of the first part of the theorem now follows easily
since

%(w) =Zpf(w) — rz—’z’w)f(w).

This means

_ C
< Zep f(w)| + E|f(w)|

and similarly for |g~—’;(w)|. The estimates for the second derivatives proceed in the same fashion.
For example,

W) 3f(w) | 5 3p(w) dp(w)
0z 0z 0z 0z

ap(w) af (w) a2p<>
R R T A

Z‘L’pZTp[f]( ) - f(U))

8282

(w)‘

_ C C
<N Zep Zep F1w)| + E}Vf(w)| + 3 lfl-

The other second derivatives of f* are handled similarly. Thus, every term in (13) is well con-
trolled by Z;, and Z;, derivatives. The proof of the latter part of the theorem follows from
Propositions 10 and 11.

Remark 14. In Theorem 13, if %(z) d]p(z) =0for j =0,1,...,deg(p), then Ryp(z) =
u(z, 1/7), a fact which will be useful later.
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7. Proof of Theorem 6
To prove Theorem 6, we need some a priori estimates.

Lemma 15. There are constants Cy g so that for any multi-indices o and B, any s > 0, and
@ € CX(0),

[ X H2, [XP 0] 20y < Caps™ 7 lloll2cor

Proof. We first assume that |«| and |B| are even. From Proposition 9, there exists an order 0
OPF operator A; so that

2
H,[XPo) = HS, ) Acg.
Hence, by Proposition 10 and Theorem 5(d) we have an order zero family B; so that

| X B2, [XP ]| 2oy = | X 082 HE [A)| 20y = | B- 082 082 HE L Ar0] | 2 ¢

_ lel+IB]
SCops™ 7 el

|2

The || and |B| odd cases follow easily from the even case, an application of Propositions 9
and 10, and the following two arguments. One, if X is either X| or X; then from Proposition 11
with r = s1/2,

1 1 1
HXHrSp‘p”U(C) <C(s2 ey Hrsp‘/’HLZ(C) +s72 Hrqu)“Lz((C)) < Cs 2l )
Two, since X* = —X, applying the previous inequality to H;,X¢, we have
|3, X0 | 30c) = (H:, X, HE, Xg) = — (9, X H2, HE, X o)
<ol | XHE, Hey X 12 ) < Cs~2gll 20| H, X0 2 O
Lemma 16. For s > 0 and f € L*(C), ng[f] is C°(C). Given a multi-index y, there is a

constant Cy,| so that for z € C and R < min{R;,(z), 1} where R, (z) is the constant from The-
orem 13,

Iyl

X7 H, 1] < CpiR™'s™2 (1457 fll 2

Proof. We can find ¢, € C°(C) so that ¢, — f in L?(C). It follows immediately from
Lemma 15 that X¥ H;,[ f] € L*(C) and

XY HY [ga] > XV H? [ £]
in L%(C), hence

. 1 _In
| X7 HE, LA 2oy S CiR™'s™ 211 ll2y-
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From these inequalities, we can show that all Z;, and pr derivatives of H} [ f1arein L%(O).

To pass from L?-bounds of Z, p and Z, p derivatives to a local L?-bound for ordmary derivatives,
we can use the argument of Theorem 13. Thus, ng[f] is C*°(C), and by Theorem 13,

IOtH—IV\
sup |Xst [£1] < E Y RXOXTHLU o < Z ST I e
P& jol<2 Ro
o1
SCy RS T (1+s Y fl2e- ©
Recall the following standard fact.

Lemma 17. If x| — 8;‘1 f(x1,x2) and x2 — 0% C f(x1,x2) are in L2 (R™) for all multi-indices o,

then f € C®(R" x R").

loc

We are now ready to prove Theorem 6. We follow the line of argument in [14] and show the
proof for completeness.

Proof of Theorem 6. For every multi-index «, Lemma 16 and Theorem 13 show that the func-
tional on L2(C) defined by

> 09 H, L]

is bounded. By the Riesz Representation Theorem, a consequence of these facts is the existence
of functions Hyp"*(w) so that

0 H,[f1(z) = /Hff’z(w)f(w)dw.

C

Define Hf,(s, z, w) = H7p (w). Also set Hyp(s, z, w) = ?p(s, z, w). Then Hy, is a function
on (0, 00) x C x C with the property that w — H. o @ (5,7, w) is in L2(C). Thus, we have

HS L1(2) = / Hop (5, 2, ) f (w) dw

and for every derivative 07,
e ( / Hzp(s,z,w)f(w)dw) = [ #56zwf ) dw.
C C

We will show that 07 Hr (s, z, w) = H7, (s, z, w). Let ¢, ¥ € C°°(C). By the Schwartz Kernel
Theorem,

(00 H2, (W), ¢} = (=D H, [¥], 8%9) . = (=D HS,, ¥ ® 870,
<aaH'?p’ w ® g0)(C><(C = <(3?HTAP)[¢]’ (p>(C'
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Thus, we have shown that
0% Hep(s. 2, w) = HY (5.2, w) (14)

in D’(C) and that for each &, w > 3% Hrp (s, z, w) is a function in L3(C).
Next, we know that pr is self-adjoint, so

[ @G dz = [ vl dw.
C C

As an immediate consequence of this equality and (7), we have

f/ Hrp(s,z,w)w(w)mdwdzsz Hep(s,w, )Y (w)p(z) dzdw.
ccC ccC

It follows that Hr, (s, z, w) = Hep(s, w, z), conclusion (a).
As a consequence of (a) and the fact that w — ng(s,z, w) belongs to L), z >

Htsp (s, z, w) belongs to L%(C). By (14), it follows that every z derivative also belongs to L2,
Thus by Lemma 17, Hep(s, z, w) is C*°(C x C) for fixed s > 0.

We know \jrp H;,=H;, Dip. The implication of the self-adjointness of O, is that on the
kernel side,

j # J
D{:p,z pr(sa Z,w) = (Drp,w) H‘L’p(s’ Z,w).

From this, (c) follows quickly because Dg]; H;, = D,p  H? Dk

W
Next, by Theorem 5(e),

ad
(3 +Drp>[ [f]](z)

Fixing z € C, integration against test functions in (0, 00) x C shows that in D’((0, co) x C),

d
0=<<£+Drp)[ [f] (2), §0> // Hrp(S Z, IU)< +I:|.[p Z)(p(s 2) f(w)dwds

/f( +[|rpz) Hzp(s, z, w)e(s, z) f(w) dw ds.

(0,00)xC

Thus,

ad
g (8,2, W) = —Ogp,; Hep(s, z, w).

Then we have
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B—;H,p(s, Z,w) = —;—S Ocp,z Hep(s, z, w)
—O¢p,z aHrp(s, Z,w) = D%p,z Hep(s, z, w).
Iterating this argument shows
9/ o
@Htp(s, z,w) = (—1)! 0, Hep(s, z, w). (15)

We know, however, that for each j, Elip cHep(s,z,w) € LIOC((O, o0) x C x C). As before, this
is enough to show H, € C*°((0, 00) x C x C). In particular, (15) hold in the classical sense, so
(b) is proved.

For o, B, and j, Lemma 15 shows that there is a constant C, g, ; so that for ¢ € CZ°(C),

ol +BL
> el -

| x« Dip H; [Xﬂ[¢]] ||L2(<C) S Cops

Then by Theorem 13, for R < R¢p(2),

C .
sup X007, Hy, [ X lel]| < R > RUx og, 1 [XPlel] | 2 e
D(z.R) vI<2

sT2 (145l 2
Also, since Hyp (s, z, w) € C*((0, 00) x C x C),

X*of, H2,[XPy ](z):/X 0}y Hep(s, 7, w) XE p(w) dw
C

. 9/
= ) [ XU ey (5.2 wipw) du
C

From the reverse Holder inequality and our previous estimate,

2 2 e
dw) < = sT (1457,

3/
(/ a—jX”‘UgH,p(s,z,w)
C

This is (d) of the theorem. From (a), we can interchange the roles of z and w to prove (e). This
proves the theorem. 0O
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8. A fundamental solution for H., onR x C
Define the distribution H7, on R x C by

Definition 18. For ¢ € C°(R x C), set

e—>0

(HZ,, ) = lim / / Hap (s, 2, ) (s, w) dw ds.
€ C

The kernel of this distribution is

Hyp(s,z,w) ifs >0,

Hep (5, w) = {0 if 5 <0.

We need to prove that the limit defining H7, exists and defines a distribution on R x C. To do
so, we need the following lemma which gives control over pointwise bounds on |e ™5 B f — f].

Lemma 19. There is a constant depending only on the degree of p so that if f € Dom(D{p) for
J <2, then forany z € Cand 0 < R < R;,(2)

—SUep s
DS(E‘E?) | f(w) = e B[ flw)| < CR (|o=plLf1 HL2(<C) +R? HD%p[f] | LZ(C))'

Proof. Let f € Dom(D{,,), 0 < j < 2. By Theorems 13 and 5(c), we have

1
1 S ; :
sup | f(w) — e O [flw)]| < Co Y R 05[] = 0rp[e7 57 f] 2
D(z,R) =0

1

C i - /

R DRI =)o £ 2y
j=0

1
gc%szj ”Dgl[f]uﬁ(((:)' O
j=0

Lemma 20. For each z € C, the limit defining H;, exists and defines a distribution on R x C.

Proof. Let € C°(R x C). Then there is a closed, bounded interval / C R and a compact set
K C Cso that suppyr € I x K. Set ¥5(z) = ¥ (s, z). Then {¢s} C C°(R) with each element
having supportin K. If 0 < €] < €3, then

€2

€
/ Hrp(s,z, w) ¥ (s, w)dwds = / e B [y 1(2) ds

€1

€ €2

=/e_m”’[l//s](z) —1/f(s,z)ds+/1p(s,z)ds.
€]

€1
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From Lemma 19 and Holder’s inequality, we have (with R < R, (2)),

//pr(s Z, W)Y (s, w)dwds| < c2 ZRZJ/”DJH[%]”LZ(C)ds+62||w||Loo(RX(C)

€1

3/2 1
SC—— =2 Z|‘D]+1[W]HL2(R><C)+€2||1/’||L°°(]R><(C).

These last terms go to 0 as e — 0, so the limit defining Hﬁp there exists. O
Theorem 21. In D'(R x C),
(as + Dfp,w)(Hrzp) = 80 ® 81’

Proof. Let y € C°(R x C). Then

(35 + 0%, ) (HE,). ¥) = (HEy (=05 + Oepou) V)

——hm//Hrp(s Z, w)os Y (s, w)dwds

+l1mf/H,p(s Z, W) Ogp,w Y (w, s)dwds.

Since s is bounded away from 0 and H;, € C*°((0, 00) x C x C), the first term yields

00
oy
- Hrp(S’Z,w)a—(S,w)dwdS
S
€ C

o0

:—/aa—s/H,p(s,z, w)1ﬁ(s,w)dwds+//aa—SHTp(s,z,w)W(s,w)dwds

€ C € C

00
:/Hrp(e,z,w)l/f(e,w)dw—i—//;—sHtp(s,z,w)l//(s,w)dwds.
C e C
Also,
00 00
f/Hrp(s,z,w) Dfp,wllf(s,w)dwds://Dfp,erp(s,z,w)w(s, w)dwds.
€ C € C

Using Theorem 6(b) and adding our equalities together, we have
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o0
/ / — Hap (s, 2, )3 (5, ) + Hep(s, 2, W) Oepp (s, w) dw ds
€ C

= / Hep(e, z, w)¥ (e, w)dw + / /((% + Dﬁp’w)pr(s, zZ,w)¥(s,w)dwds
C C

€

= / Hep(e, z, w)¥ (e, w)dw.
C

Hence
(054 08y ) (). ) = lim [ Hoptez.wppe v
C
= lim e O [Y)(@) = (0.2 = (B @5, ¥). O

9. Estimates on %Y“ H;p(s,z, w)

In this section, we prove Theorem 1, the result on pointwise estimates of | X zI Uli Hyp(s, z, w)l.
We begin the section with a study of how the heat kernel behaves under scaling.

9.1. Scaling and the heat kernel
The structure of Oy, is critical in this section. Expanding O, we have
a ap ad ap
Op=—|=+t= )| ——71—
i (az +T32>(8z Taz>

92 ?p  ,dpap apad  dp o
_— T —== 16
920z Tazaz 1T azaz+f< ) 1o

1 1 2 i
At -tAp+ L VpP (TP ), 17
g AT AP VP +2T<8x18x2 szaxl) (17

Let po(w) = p(w) and fix zg € C. Let pj(w) = po(w + zp). Our first scaling result is as
follows.

Proposition 22.
Hepo(s, 2+ zo, w + 20) = Hep, (s, 2, w).

Proof. Fix zg € C. Let A, [ f1(z) = f(z — z0). A, is an isometry on L3(C), and

1 2
Hop [£10) = 3 AF @) + %Apo(z +200f(2) + % IV oz + 200 £ (2)
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i (9po of of
+§T(3_x1(z+ )—(Z)——( +z )E(Z)>

=AZO[——Af(Z—Zo)+ Apo(2) £ (z — 20) + — |VP0(Z)| [z =20

i apo of apo af
+§f(—< (- )‘a—m@a_m(z‘m)ﬂ

= AL Hopy Az [£1(2).

Also, if € C°(C x R),

AL G0 ®8) A Y (s, w) = ALY (0,2 —20) = ¥(0,2),

and

o0
Az_()l(80®82)AZ()¢(S7w):A_lHTp() /[ Hepy (s, 2, w)¥ (s, w — z0) dwdss

a
—A // (g"":‘rpg Z> TPO(S,Z,w)W(S,w—ZO)dwdS

Il

:(>
\ag =
A

ad
s + EIT[,O w)H,po(s, Z, W)Y (s,w —zo0)dwds

3
Az 1 (g +of,, w)H,po(s, o w+z0)¥ (s, w — z0) dwds

o]

=f < —i—D,plw) Hzpo (s, z+z0, w+20)¥ (s, w — z0) dw ds.

Thus7 HTPO(S7Z+ZOsw+Z0):prl(s3sz)' D
The method of proof in Proposition 22 also proves the following two scaling results.

Proposition 23. If zo € C and

Py w) =Y abw—2z0) (w—z0)F,

Jrk=1

then

—
H o (s, 2, w) = €' 0 Hep (5, 20, w).
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Let T3 (s, w) = A>y (A%s, Aw) and T f(w) = Af (Aw) act on functions on R x C and C,
respectively. In either case, 75, is an isometry on L. Our final proposition in this section investi-
gates conjugating H,p, by 7). Let ¥, (s, w) = Y (A2s, aw) and fi (w) = f(Aw).

Proposition 24. If p} = py(z/1), then

1 2
EHTI’;O (s/A%,z/h, w/h) = [—]Tp% (5,7, w).
9.2. Pointwise estimates of |Hzp (s, z, w)|
We first show that |H, (s, z, w)| has Gaussian decay. To do so, we will find it convenient
to work in real variable notation instead of complex notation. As such, let x = (x1, x) and

y = (y1, ¥2). Our first goal is to prove the following theorem.

Theorem 25. If e B[ f1(x) = fc Hyp(s,x,y) f(y)dy, then the heat kernel, Hy,(s, x, y), sat-
isfies the estimate

_ iy

1
|Hep(s, 2, 0)| < —e™
s

Proof. We will use the Feynman—Kac-Itd formula from [24]. Let dx be Lebesgue measure on
R? and let (B, B, d P) be a measure space of sample paths for a 2-dimensional Brownian motion
b(s). Let du = d P ® dx be Wiener measure on B x R? and let w(s) = x + b(s). If we let

p
a@ ==L P} and V)= LApn),
0xy 0x1 2

then for f € C2(R?),
1 . ) 1 ] . L,
E(—ZV—a) f—i—Vf:—EAf—l—E(V~a)f+la-Vf+§|a| f+VE
But

Via=rt

( 3%p 3%p

— =0 and l|a|2:lrz|Vp|2.
0x10xy  0x10x2 2 2

Thus,
| )
E(—IV —a) f+Vf =20,

0 2 O¢p is the quantum mechanical energy operator for a particle in a magnetic field with vector
potential a(x) and electric potential V. The Feynman—Kac-It6 formula for f, g € C° (R?) is

(257 f.g) = / "0 f (0(5))8(0(0) dp. (1%)
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where

s s

F(s,w) =—ifa(a)(t)) -dw(t) — %/(Vu)(a)(t))dt —/V(a)(t))dt.
0

0 0
b(s) has 2-dimensional normal distribution with covariance s, so we can rewrite (18) as follows:
J[ Hert2s.x s dydn
R2xRR2

= / eFE0) fw(s))g(w(0)) dp

:/E[eF(S"”)f(w(S))éW] dx

R2
= / E[E[eF(""“’)f(a)(s))g(w(O))|a)(0) =x,0(s)=x+ y]] dx
R2
= / E[E[") f(0(5))|0(0) = x,0(s) = x + y]]g(x) dx
R2
=5 /f eF 0 £ (x4 y)gTe S dy d
s
R2xRR2
! // F») £ (y)ate— "2
=-— eV f(y)gx)e” T dydx.
2rs
R2xR2

Thus,
1 = lx—y[2
H,,(2s,x,y) = —eF ) e
rp( y) s

for some F (s, y) satisfying [/ ©)|< 1. O

A critically important fact about the Feynman—Kac-Itd formula is the requirement that V > 0.
When t <0, V <0, and the argument from Theorem 25 fails. Even if we could use the argument,
the real part of e©'-¢) is

e o Vet

a term that we would expect to be very large. In fact, when 7 < 0 Hy,(s, z, w) only satisfies
Gaussian decay near s = 0 [20], so an analog to Theorem 25 is false.

We now turn to proving a large time decay estimate for Hi, (s, z, w). Let P be the set of
polynomials of deg(p) whose coefficients (in absolute value) sum to 1. We can identify the set of
polynomials of deg(p) with R” for some n, and under this identification, I3 is identified with the
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¢! unit sphere, a compact set. Having constants depending only on P is essential for estimates
obtained through scaling.

Theorem 26. If e P [ f1(z) = f(C Hzp(s,z,w) f(w) dw, then there exist constants Cy and Ca
which depend on the degree of p so that

C —_C s i) s
|Htp(s’ Z, w)| g _16 2;1.(1,1/1)2 e 2;1.(m<1/r)2 X
s
. L. —CH—35
Proof. By the conjugate symmetry of H:,, itis enough to show the bound %e 2217 From
Proposition 22, there exists a polynomial p(w) = po(w + z) so that
Hep(s,z, w) = Hep (5,0, w — 2),

so we can reduce to the case of estimating Hp, (s, 0, w). By Proposition 23, for

0 j =k
p2(w) = Z ajkij )
k>l

we have
eirT(w’O) HTP] (S, O, U)) = HT[72 (Sv Ov UJ),

so it is enough to estimate | Hp, (s, 0, w)|. Observe that p>(w) has the property

8 pa 3 p

If we set A = uu(z, 1/7) 7" and p3(w) = p2(w/1), then p3 € P since

1 ; ; 1
_ JFky—j—k — _ ~
T Zl Tkl 77\ —tA<O,pL(0, 1:)) 1.

Jok=

8j+kp2

9z 9zk

()

From Proposition 24,

1 s w
ﬁHtPZ ﬁ,o,x ZHPS(S’O’ u))

We now estimate |Hp, (s, w,0)|. Let h(s,w) = Hp,(s,w,0). By Theorem 6(b), dh/ds =
Zp3Zp3h. Let g(s) = fc |h(s, w)|*dw. From [4], there exists C = Cop so that || fllz2c) <
ClIZp; fll2(cy- Thus

g'(s)=/i(h(s,w)h(s,w))dw=2Ref%(s,w)h(s,w)dw
ds as
C C

=2Re/2p32p3h(s,w)h(s,w)dw:—2/ |Zsh(s, w)|* dw
C
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< —c/ (s, w)| dw = —Cg(s).
C

Since g(s) > 0, g'(s)/g(s) < —C, and integrating from s/2 to s, we have

67Cs

() < g(%)e“ <cé—,

N

where the last inequality follows from Theorem 25. The constant C; does not depend on p3

(or B).
Next, e P73 is a semigroup, so e *P73¢ ™97 f(z) = ¢ 273 £(z). On the kernel side, this
means we have the reproducing identity

Hpy (25,2, w) = / Hpy (5.2, 0) Hpy (s, v, w) dv,
C

and an application of Cauchy—Schwarz yields

—Cs

5 1/2 5 1/2 e
|Hp, (25,0, w)| < (/}Hm(s,o, V)| dv) </|H,,3(s,v,w)| dv) <C—
C C

Undoing the scaling finishes the proof. O
The motivation for using g’(s) and the reproducing identity was [6].
9.3. Derivative estimates
The derivative estimates are proven in a series of lemmas. The most accessible case is proven

first and each successive lemma builds on the previous calculation. Each L? estimate at one step
is used to prove a pointwise estimate in the next. Define the decay term D(s, x, y) to be

Loy —Cp—S— —Cp—
D(s,x,y)=e B e ‘uwlile “lati/o?, (19)

where C5 is the constant from Theorem 26. Also, let
I.(s) = (s —r?, s) and Q,(s,x)=1(s) x D(x,r).
We need a version of the subsolution estimate from [11].

Lemma 27. Let (sg, z0) € (0, 00) x C and u(s, z) be a C? solution of

ou
8_s+DTpM=0
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on Qo (80, 20). If T > 0, then there exists C > 0 so that

c 2
sup |u(s,2)| < = // |u(s, 2)|"dzds.
(5,2)€Qr/2(50,20) r

02r/3(50,20)

Proposition 28. There exists C,, so that for 0 <r < /so/16,

" H. C
H nrp("x") <7
ds L2(Qr(s0,y0) 50
Proof. We have
3 H 2 3 H 2 1/212
H S (5%0,) = / ’( / S (5,0, ) dy)
§ L2(Q;(50,30)) S

I-(s0)  D(yo.r)

/ 9eC(D(y9.1)
Irs0) gl =1

as"

n 2
:/ sup —H;,[¢l(x0)| ds.
peCE(D(yo.r) 05
Irso) gl 2 =1

The key to the proof is that %ng [¢](x) satisfies

B "
a5 + Orpx ﬁpr[(p](x) =0.

3" Hy)p
sup (s, x0, Y)o(y)dy

(20)

By Lemma 27 and Theorem 5(d), estimating an arbitrary term from the supremum in (20) yields

an c an 2 172
s t
10| < 72( / / o HL Lo dx dt)
0Oy (s,x0)
c on 2 172
< —2< f o Hy o] dr)
r ot L2(D(x.r))
1s5,(50)
S0 1/2
c / 1 /
<= —dt) <
r2 £2n rsy
so—2r2

Putting (20) into (21), we have

” iy (-, x0, )

as™

r(So

1 12 c

<C ——_ds) ==, 0
2 r2s2n s
L=(Qy(50,Y0)) 1, 50) 0 0

21
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Lemma 29. Let ny, ny, n3 > 0and n =ny + ny + n3. Then there exists C,, > 0 so that

o™

# n3 1/2
ds™ D%,x(mrp,y) Hep(s, x, y)| < 2.

0

Proof. By Theorem 6, it is enough to show the estimate for H, (s, x, y) = as"
by induction. The base case follows from combining Theorems 25 and 26:

H,p(s X, y). Proof

| Hep(s, %, )| < | Hep(s, %, )| Hep (s, x, )|

C
< ?D(s, X, ).

Assume the result holds for H,_1. Let r = /so/16. Let ¢ € C°(Q2-(s0, yo)) where
V10,600 =1, 0< ¥ < 1, and 3/v/3s/ < ¢;/r?/. We can use Lemma 27 because if s > 0,
Hy,_1(s,z, w) satisfies H¢p H,—1(s, x,y) = 0. Using Lemma 27 and Proposition 28, for r > 0
and O = Q2 (50, Yo)

0" H. 0"H, 2 1/2
P P
Py (50, X, y0) | < —2( /f (s,x,y) dsdy)
0 (50,0)
c 8nH‘rp 8”Hrp 1/2
§r—2<f/ as" (s, %, ) 3 (s,x, Y (s, y)dsdy
RxC
C 8n+]Hrp an—jw 1/2
ﬁ(//Hw(s * y)Z 9snti (5%, 7) 9sn—J (S,y)dsdy>
RxC
C n 1 3n+}H‘[p 172
<= - e
r2|:|| ‘L'P( )HL2(Q)jX::0 Jr2(n—j) aS'H'J ( ) LZ(Q)j|
¢ 1 1 \11/2
< r_2 Hrp(S(),.x yo)r O + Znso

C, D(s0, x, yo)'/? 1 Cn 12
=77 -4+ —— ——D(s0, x, 2, O
r S(l)/z SO r” n/2 g+1 (0 yO)

Integrating in y gives the immediate corollary.

Corollary 30. Let ny, ny, n3 > 0 and n = ny + ny + n3. Then there exists C, > 0 so that

< G
RSN

an] n
2 # n3
9571 Drp,x(ljrp,y) Hep(s, x, )

L2(0)

Lemma 31. Let a be a multi-index and j > 0. Then there exists Cy),j > 0 so that if R =
mln{%, M}, then

C 1
lel D(s, xg, y)4.

x*(of VH s, x, y)| + ol U%H s, x, )| <
| x( -[p)y) ‘L’p( )’)} | p,Xx y T[?( y)|\R%+%|a\S%+j+%\Dl|
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Proof. It is enough to bound IU;" D%,,,x H, (s, x0, y)| for a fixed xo € C. In fact, we can even
assume that

a" "
8; (x0) = BZf') (x0)=0 foralln

by Proposition 23. This means if |y — xo| < pu(xp, 1/7),

op 1 ! 2
: < ——— 1 A(xo, 22 . —
PR )‘ o, 1/ AL o 1/0)) ~ e 22
Let R = min{%, %u(xo, %)}. Also, fix s and let g(y) = D%.p,x Hyp(s,x0,y). Let D stand for
& or & Then from Theorem 13, if ¢ € C*(D(xo. R)) with 0 < ¢ < 1, [DPo| < 25 for
0 < |B] <2, we have
Ut < S S RBpuue 23
Uyl <5 X R ezulUie] 2 ) (23)
IBI<2

Then

lo2UfULe] e < (UPUSs. oUPURE) = |(3. UPUZ (pU UZg))]
< )

1
V2yrBrra
cnpa g2, ) it 107 UV Uy &l 12 oo, my-
1+ p2l=lal+18]

(24)
Next, from Corollary 30, Proposition 10, and Theorem 5, for some order 0 OPF operator B, we
have the estimate (note the complex conjugate in the first inequality),

2 _ _
“U))’/szU;(g”LZ(D(xo,R)) < (X;QX?X;[ ,X;szyﬂng)
= (&8 XS XXX X)X 8)]

+1Bl+
<ligll 2 || B O A

8l 12y
< C i+t 05)
= g1/2+) .
Plugging (24) into (25) gives
IxPxez|? 1 1
H('ozxyxyg”ﬁ(@<C|g()’)|R Z

=5 (2l +IBl+lel+142))
C s 2 .
Y172 Rlnil

(26)
I 1+y2l=lal+1B]

Using the fact that R < /s and inserting (26) into (23), we have
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o \al 18] _NyaliBlHalr142) L
X6 < =4 3 R TRE Y smin RINI2
1B1<2 y1l+ly2l=lal+1B]
Cla| SNV FIVNTS Y TR |
<= §/4+1D(S X0, )4 Z Z RIBI=% v g—41val o= {18l g~ lel
1BI<2 1711+ ]y2l=lal+B]
Cla| bl = §la|
mD(S , X0, y)4R 2 Tanm O

Corollary 32. Let o be a multi-index and j > 0. Then there exists C\q,j > 0 so that
#\J J
|X3(0%,.) Hep(s, x, ')”LZ(C) + [ UY Otp,x Hep(s, x, ')”LZ((C) < I
s

Proof. Using the estimate from Lemma 31, if R = ‘llg, then the result follows by direct calcula-
tion and a simple change of variables. If R = %u(x, 1/7), then we use the fact that

1 2
D(s,x,y)4 CiD(s,x,y)8 (M> for any j > 0.
s

With this estimate, the result follows immediately. 0O
The final lemma we need is as follows.

Lemma 33. Let @ and B be multi-indices. If R = min{‘{—?, W}, then there exists
C|a"|'g| > 0 so that

oy B 1 _l g el _3p1
|XnyHrp(S,X,y)|ganMWR 2745748 D(s,x, y)g

Proof. Asin Lemma 31, we may assume that

" "
P o)=L (xo)=0 foralln,
az"
so by (22)
aj+k
’8 fazk( ’ f(xo, 1/7)7+

Fix s and xo. Let y € D(xg, R). Let ¢ € C°(D(x9,2R)) so that ¢|p,.r) =1, 0< ¢ < 1,
and |D%p| < c‘a|/R|°“. Let f(x) = XfHT,,(s, x,y)and g(x) = X)‘?XyﬂHTp(s, x, y). From Theo-
rem 13,

C
|g(x0)| < r > RV pixY gl 2y
lyI<2
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Next,

||<p Xxg||L2(<c) (XX XTfoXig) = |(f XP X [oXXg])|

= Z CV1,y2|(f’ Dyl‘pX)}:zX;/g”
1l+lyal=ly|+lal

1
2 vV
< Z i ||f||L2(D<x0,R))W | X3 x3 g||L2((C)‘
[yil+lval=ly [+la

Using Proposition 10 and Corollary 32, for some order zero OPF operator B; we have

||X;/2X)}C/g“L2((C) (XVZXVXaf XyZXVXC(f)
=|(f X¢XYXPXP XY XS
X
+lyl+
<N S 2ol Be OS2 1 6
—IBl=1=lal=ly|=Iy2|

= Clal+ly [+ |+8IS

Thus, since || 1l 12(p(xy.r)) < C|f (X0)|R,

|g(xo)|
1 _M -1
< Clﬂtlg\ﬁ\E Z Z RI)/IR (|ﬂ|+1+|01\+|)/|+\)/2|)|f(xO)|sz
[VIL2 In1l+lya2l=ly|+la|
1l 1Bl _18 Bl
S Cel, ‘ﬂ‘R3/4 5/8 > ZRlle_y_l e R R s, x, )
yIL2n1l+ly2l=ly |+l
1 el el 18 3
<C|a|"mR3/4s5/8R 2s 4 Iﬁ‘D(S X, y)8. O

As an immediate consequence of Lemma 33, we have:

Theorem 1. Let p be a subharmonic, nonharmonic polynomial and t > 0 a parameter. If n > 0
and Y% is a product of || operators Y = pr or Z;p when acting in z and (Z.p) or (Z,p) when
acting in w, there exist constants ¢, c1 > 0 independent of T so that

a" 1 lz—w?

_ S _c s
YYHp(s,z,w)| < ci———e 3 e ‘nan? e Cnwijn?
os" gntalal+l

Also, ¢ can be taken with no dependence on n and «.

Proof. The theorem follows Lemma 33 using the argument of the proof of Corollary 32. Also,
by the argument of Lemma 33, specifically the argument of (23)—(25), we may take c¢ to be
independent of ¢ and n. O

Using Theorem 1, we can integrate in s and recover estimates on G, (z, w), the fundamental
solution of O¢.
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Corollary 2. Let G, (z, w) be the integral kernel of the fundamental solution for O¢p. If X

“ is
a product of || operators of the form X/ = Z,p, Z+p if acting in z and (Z,p), (Z+p) if acting
in w, then there exists constants C1 ||, C2 > 0 so that if T > 0

log(ZH(Z 1/1’))

e—w] lz —w| <z, 1/7), la| =0
X“Gop(zw)| < Crja { 1o 071, 2 - wl <z /7). ol
lz—w| lz—w|
Gt 2
e e 2= wl 2 u( 1),

Also, Cy does not depend on «.

Proof. We just need to integrate in s for the estimate. We first show the |a| = 0 case. Let § > 0.
Then if ¢; = 35,

8

o0
1
/pr(s,x,y)dS</ et
S
0

0

co o
/ Tt ds =1+ 11
8

To estimate I, welett—cz"C o2 0—%dt=%dsand

T 1
I = / —e 'dr.
t

lx—y|?
§

_vl2
Ifcz% < 1, then

1 00
1 _, I _, 8
I= —e'dt+ | —e'dt <Cllog| —— ) +1).
t t lx —y|?
(o) 1

o2
Also, if e, B2 > 1,

o0

1 1) =y =2
Iéﬂ / e_ldt:C'ize_62 5 < Ce 277 .
C2T) |'x - )’|

)12
xX—y
e

To estimate I, set f = c——2—, and we have
u(x,1/7)

o0
1 —t
Il = —e ' dt.
1
3§

/o2
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Ifc ()C%/T)z NS 1 we have
Co r1 1/7)?
= / ;e—’dr+/7e—’dt<c<1og<%)+1>.
s 1
/02
Also, if c—%— e 1/r)2 >1,
® 2 5 s
I < / e~ dt = n(x, 1/7.') e < Ce_cp.(x,l/r)z.
es 1/r)2 5
nx, 1/r>2
Setting § = |x ’ | ylelds the result. The |x| > 1 case uses the same argument as the |o| =0

case, except that the on-diagonal estimate is simpler since

o
1
ds ~ s~ 2l
1+ |e|
8

converges. O
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Appendix A. A comparison of the estimates of G ,(z, w)

We will focus on homogeneous polynomials of the form p(z) = |z|*" and py(x +iy) = x>
We will write z = x + iy. Recall from above that if p,,; is the metric in [4] associated to pj, the

dpp, ~ wp;(z, D72 ds?.
To show that the estimates in Corollary 2 and Christ’s estimates in [4] of G p(z, w) agree, we
must show that for j =1 or 2,

|z — w| |z — w]
/ij(w,l) ij(z,l)

~ pp; (2, w). (A1)

(A.1) will follow from Corollary A.2 and Proposition A.4 for both p; and p>. In fact, the p;
case shows that the estimates agree whenever p(z) is a homogeneous, subharmonic polynomial
of degree 2m whose Laplacian does not vanish on the unit circle. Also, in the case m = 2, an
elementary computation shows that p(z) = x* is equivalent to the general case for subharmonic,
nonharmonic homogeneous polynomials of degree 4.

Proposition A.1.

. ! . 1
Wp, (2, 1)~m1n{1,W}, Mpz(z,l)wmln{l,W}.
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This computation has the following immediate corollaries.
Corollary A.2.

|z — w] |z — w|
Mpl(uh 1) M p, (z, 1)

~lz—wl+lz—w|(jzl" "+ Jw™ )

and
|z — w| |z — w| 1 1
~lz—w|+ |z —w|(|Rez|""" + [Rew|" 7).
Mpz(wa 1) ILL[JZ(Za 1) ( )
Corollary A.3.
~ 1 + |Z|2m72 1 ~ l + |x|2m72'
wp (z, 1)? Mp, (2, 1)2

At this point, we will concentrate on sketching a computation of pp, (z, w). The computation
for pp,(z,w) is analogous and shows

Ppr(2,8) ~ |z — ¢l + 1z — ¢|(IRez™ ' + [Re¢ ™).
Proposition A 4.

pp1 (@ O~ |z = ¢l + 1z =l + 1e "),
where the constant depends only on m.

Proof. As a consequence of Corollary A.3,
1
. -1
pp(2,8) ~ lgf{ /(1 +a@®|" )|/ )] dt §. (A.2)
0
If a(t) =z(1 —t) 4 ¢t, then

(1+ a|" o' )| dr S 1z =1+ 1z = 1121 + 11",

o _

For the other direction, we give a more complete argument.

1

1
p(z,{)~i2f{f(l+|a(t)|m_l)|a’(t)’dt} Z|z—§|+igf{/|a(t)|m_l|a’(t)|dt}.
0

0
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Now, set  (z, £) = infy { f; lec(r)|"'|o/'(t)| d1}. Then

1
dt}y > igf /|,3’(t)|dt = |" —w™|.

BO=Z" %0
B)=¢"

(z,¢) =inf /1‘1 "
y(z, ¢ —12 dta
0

Thus, if |z| > 2|¢|, then |2 — ™| ~ |2"| ~ |z — ¢](|z™ ! + |¢|"~1). Also, note that there is a
one-to-one correspondence of paths between z and ¢ and paths between rz and r¢ by sending
a(t) to a,(t) = ra(t). Hence, it follows immediately that y (rz,r¢) = r"y(z, ), so without
loss of generality, we can assume that |z| = 1 and % < ¢l < 1. Let ¢/z =re'. Note that t =
arg{ — argz. Also, we can write

m—1

(Zm _ é.m) — Zm(l _ rmeimt) — Zm(l _ reit) l_[ (627{1'% _ reit).
k=1

.k .
Note that if || < m/m, then |ez’”% —re'"| > ¢ > 0 for some constant ¢ and for all k =
1,2,...,m — 1, and in this case

m—1

(1 =re) [T (¥ —re)| > elz = ¢llal"" > 1z = ¢(12" ™" + 1" ).
k=1

Finally, if |¢| > 7 /m, then p(z, ) > c for some constant ¢ > 0, and this is the desired result as
lz—¢|>crand 2], ¢ €[5, 1. O
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